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Abstract. This note provides a detailed treatment of the Multisymplectic Maxwell theory through 
the general setting developed by F. Helem and J. Kouneiher '231 ^251 1261. In particular we explore 
the DeDonder- Weyl theory, the question of algebraic and dynamical observable forms, the copolar- 
ization process related to the good search of canonical forms and finally, we give some indications 
for higher Lepage-Dedecker correspondence, as well as the underlying Grassmanian viewpoint for 
those Lepagean theories via the two dimensional case. 
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1 Introduction 

This note is dedicated to the apphcation of Multisymplectic Geometry (MG) to field theory, 
in particular to the Maxwell theory |40j . We apply the formalism developed by F. Helein and 
J. Kouneiher [20] [22] [23] [24j |25j |26| to the Maxwell variational problem. As an introduction 
we briefly make some remarks about (MG), the derivation of the Euler-Lagrange equations or 
Maxwell equations and finally, we draw the outline of the paper. 

Multisymplectic Geometry. Within the context of covariant canonical quantization Multi- 
symplectic Geometry (MG) is a generalization of symplectic geometry for field theory. It allows 
us to construct a general framework for the calculus of variations with several variables. His- 
torically (MG) was developed in three distinct steps. Its origins are connected with the names 
of C. Caratheodory [4J (1929) and H. Weyl [IS] (1935) on one hand and T. De Bonder |5] [S] 
(1935) on the other. We make this distinction since the motivations involved were different : 
Caratheodory and later Weyl, were involved with the generalization of the Hamilton-Jacobi 
equation to several variables and the line of development stemming from their work is concerned 
with the solution of variational problems in the setting of the action functional. On the other 
hand, E. Cartan [5j (1922) recognized the crucial importance of developing an invariant lan- 
guage for differential geometry not dependent on local coordinates. T. DeDonder carried this 
development further. The two approaches merged in the so-called DeDonder- Weyl (DDW) the- 
ory based on the multisymplectic manifold A^ddw- The second step arose with the work of T. 
Lepage and P. Dedecker. As was first noticed by T. Lepage [38] [39], the DeDonder- Weyl setting 
is a special case of the more general multisymplectic theory that we refer as the Lepage-Dedecker 
(LD) theory. The geometrical tools permitting a fully general treatment were provided by P. 
Dedecker [6] [7]. The next step was taken by the Warsaw school in the seventies which further 
developed the geometric setting. W. Tulczyjew [42] [43], J. Kijowski [33] [34], K. Gawedski [17] 
and W. Szczyrba [36j [37j all formulated important steps. We find already in their work the 
notion of algebraic form, and in the work of J. Kijowski [33] a corresponding formulation of the 
notion of dynamical observable emerges. We emphasize, for the full geometrical multisymplectic 
approach, two fundamental points : the generalized Legendre correspondence - introduced by T. 
Lepage and P. Dedecker - and the issue of observable and Poisson structure, two cornerstones 
within the universal Hamiltonian formalism developed by F. Helein, [20] [22] and F. Helein and 
J. Kouneiher |23] |24j |25j [26j . For an introductive synthesis of the principal motives and results 
presented in their work see D. Vey [45] [?6]. Hence, for field theory, we are led to think of vari- 
ational problems as n-dimensional submanifolds E embedded in a (n + A;)-dimensional manifold 
3- One observes the key role of the Grassmannian bundle as the analogue of the tangent bundle 
for variational problems for field theory. 

Maxwell Theory. Let us recall the expression of the Euler-Lagrange equations for the 
Maxwell theory. We are first interested with the vacuum Maxwell action, given by : 



The Lagrangian density is L{A) = —l/4F^^F>^'^^/—g. We denote volx{g) a Riemannian volume 




(1.1) 




dF = and d*F = (1.2) 

Considering the current of matter J^(x) over X the Lagrangian is written : 




Multisymplectic Maxwell Theory 



3 



and the Euler-Lagrange equations are written : 

dF = and d*F = *J. (1.4) 

The curvature in components is : F = ^F^j^dx^ A dx'^, with F^^^ = dfj^Ai, — dyA^. Thus, we 
write the Hodge star ★F in components : 

= *(|F^.dx^Adx'^) = i(*F)^^dx''Adx^ with ( ^ f)^^ = ie^V^M. 

= ^^e^^.F^.dx" A dx'^ = ^eA^-^^F^.dx'' A dx-^ = ^/^g^^gp^e^^^Y'^^dxP A dx^ 
We see the equivalence between (ll.ip (i) and (ll.ip (ii). 

^ Proof Here we make a straightforward computation which involves the Hodge duahty. 
FA*F= [iFA<;dx^Ads'^]A[^(?„^»;3.e^%aF°''da;''Ad2;"] = \^¥>.,^g^^,gp^e>'%^V''^Yx^ hdx' hAx^ hdx" 

Since Yo\x(g) = \/ffdt) = ■^^tx^p^Ax^ A Ax'' A Ax'' A Ax"^ , we obtain 

F A ★F = [iFA,yff5cMff/3.e''%aF"'']dx^ A Ax' A Ax" A Ax" = ^¥ ea^pp^e^'"" ^Ax) 
= -^eSpx.V'^^^gAx^ = -11 [f.^F'^'^ - F^j.F""] V^dt, = -iF^^F-^Vadt, 

where in the last line we have used tappaf-^''''" ~ — 2!2!5L^5^' J. 

The Euler-Lagrange equations for the Maxwell theory are written p.Sp 

"■^Maxwell = I . - r/^Maxwcll I • (1-^) 



m [11] 

We recover the Maxwell's equations : 

J'^(x) = -Afm^(x). (1.6) 

^ Proof We compute [I] and [II]. The first term is : [I] — -Sj- ~ J''(a^) The second leads to the following 
calculation : 

[II] = a.^lgi#:g;!)U4gJ^F"^+F.,^U4a^ 



i didpA,) J A^'^KdidpA.y ' ^ d(dpA,) ) 4^U(ap^.) ^ d{dpA,) 
4 ''Va(9^^.) 9(9^ A.)/ 2 ''Va(9^^.) / 2 ''K^didpA,) didpA,,)^ 



Then we obtain Maxwell's equations p.6p J 



Outline We are first interested in the treatment of the DeDonder-Weyl setting for the Maxwell 
theory in section ([2]). We focus in particular to the Dirac constraint set and obtain the mul- 
tisymplectic Hamilton equations in such a context. In section ([3]), we investigate observables 
and canonical variables for 4Z) Maxwell theory in the (DDW) setting. First we gives some 
simple example of algebraic 3-forms both position and momenta on A^Maxwcn C Mqow Then 
we describe generalized position and momenta observable 3-forms in the pre-multisymplectic 
case, where the pre-multisymplectic manifold is A^Maxwoii -A^Maxwdi- In this case, the point of 
interest is that any algebraic 3-form is a dynamical observable form. In section ([5]) we describe 
the Lepage-Dedecker correspondence for Maxwell theory in the two dimensional case with a 
focus on the Grassmanian viewpoint. 
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2 Multisymplectic DeDonder-Weyl-Maxwell theory 



We describe the geometrical setting and the notations for the four dimensional case. We 
consider X to be the spacetime manifold with di'm(X) = re = 4. Let A G T*X, be the potential 
1-form. The space of interested is 3 = T*X. As noticed in |24j [25], the more naive approach 
is to work in a local trivialization of a bundle over X, since a connection is not a section of a 
bundle. This is the chosen path here. A point (x, A) in 3 is in the position configuration space. 
Any choice {x, A) is equivalent to the data of an re-dimensional submanifold in 3 = T*X X 
described as a section of the fiber bundle over X. Let us consider the map $a '■ ^ ^ 3 = T*X 
described by ()2.ip . 

f ^ 3 = T*X 

{ X ^ A{x) = A^{x)dx^' 

which is simply some section of the related bundle. We associate with A, the bundle T*"^ = 
A*T^ (S)3 T*X. The useful quantities to describe d^ the differential of the map A as sections of 
the bundle over X. We denote the exterior covariant derivative on the 1-form A by d^A : 

d°A = [d^Aj^^dx/^Adx^^ with [d°^]^^ = 9[^A,] (2.2) 

We denote u^i, = d^A,^ so that d^A = v^^^^. The space of interest, the analogue for tangent 
space is A"'r(2. e^)3 the fiber bundle of n-vector field of 3 over X. For any (x'^, A^) G 3, the fiber 
^'^T(^x,A){T*X) = JVT(^^^A)b can be identified with V = A*r3 T*X via the diffeomorphism : 



(2.1) 



' V ^ A*T3<S)^T*X A''T^,^^A)iT*X) 

(2.3) 

where VI < < re = + X]i</3<n ^a/3M~' order to fix ideas we stress that we have 
local coordinates {x^,Afj^,) for the configuration bundle 3- The data of the local coordinates 
{x^,A^, Vfj_u) - or equivalentely {x^^,A^, ^ij-u)- can be thought as coordinates on V or A"T(^ g w)(3) 
We identify P^A"r(,,g,^) (3). 

In this section we first expose the setting of the (DDW)-Maxwell theory. First we exhibit 
in (j2.ip the Dirac primary constraint set and the related Maxwell multisymplectic manifold 

Maxwell, see (I2.10p . Then we derive the generalized Hamilton equations in the multisymplectic 
(j2.2p and in the pre-multisymplectic ()2.3p settings. In the latter, we observe the connection with 
the covariant phase space. 

2.1 Multisymplectic DeDonder-Weyl-Maxwell theory 



Generalized Legendre correspondence, the generalized Legendre correspondence is con- 
structed on M = A'^T*'^. For all {q,p) £ M we introduce the local coordinates on the bundle 
M. Let us denote (g'')i<p<2n the local coordinates on 3 = T*X and Ppj.../^^ the local coordinates 
on A"'T*3 in the basis (dg'^i A • • • Adg''*")i<^^<...<yi^<2n5 completely antisymmetric in (fii ■ ■ ■ /i„). 
The canonical Poincare-Cartan re-form is written in local coordinates (here re = /c = 4) : 

^= Yl Pp,...p„dg''i A... Adg/^". 

l</ii<-</i„<2n 
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We consider the DeDonder-Weyl submanifold ^AoDw C. M. : 

Munw = \^{x,A,p)/x £X,A£ T*X,p G A"r*(r*A') such that Oa,, A 9^, = o}. 

We restrict and adapt our notations to the case A^ddw C ^A. All the components 

are taken equal to zero, excepted for pi,,,n = e and for the multimomenta Pi...(,y-i)(Af^){u+i)...n 

denoted U^'^'^. We define a Legendre correspondence : 

A"T(r*A') X M = A'"T3 X M □ A^'T^iT^X) = A"T*3 : {q,v,w)B{q,p), 

which is generated by the function W : A"T3 x A"T*3 — ^ ^{QiV,p) i— >• {p,v) — L{q,v). 



Maxwell multisymplectic manifold A^Maxwdi- Let us describe the general construction for the 

DDW 

{q,p) ■ 



De Bonder- Weyl multisymplectic manifold. We consider OfF^, the Poincare-Cartan n-form : 



^17) ■= edt) + n^-^d^^ A dt),. (2.4) 

where dt) = dx^ A ... A dx" is a volume n-form defined on X and we also denote dt)fs := d/j J dt). 
Due to the Legendre correspondence construction, the equivalence relation between (g, v) and 
{q,p) is written : 

f \r-\f \ ^ d{p,v) dL{q,v) 

{q,v)B{q,p) ^ __ = ^_. (2.5) 

5DDW/ 



The term {p,v) is understood as the following expression {p,v) = 0p^^{Z). With Z = Z\ f\ 

a 

dx° 



Z2 f\Z^ f\ and where Va Za = 757^ + Zan 70- . We gives the straightforward calculation with 



7 — Fl A ■ 

{p, v) = ^^°^(Z) = edt)(Z) + W'^'^dA^ A dl).(Z). 
We have the expression {p, v) = 6^^'^{Z) : 

{p, v) = t + U^^^Z,^ = t + n^-'^S,^^. (2.6) 
^ Proof : We denote 

l<H<n ^ l<(l<2n 

We have q'^ — x'^ — x'^ if 1 < fj, — u < n and q'^ — A^-n = if 1</Lt — n = /i<n. The bold index 
1 < p < 2n is a multi-index such that Zf^ — for 1 < fi < n and Zff = Z^fj, for n + 1 < n < 2n. 



Z = Z,AZ,AZsAZ,= J: Z':-:-^-^A...A^= ^ 



^1 ■ ■ ■ ^4 



a 9 

■A---A- 



Z>j ... ^4 



We expand the expression 



Z = .Eiglai A 92 A 93 A & + ^ Zi2T4^di A 92 A 93 A + ^ ZHtt^di A 92 A 94 A ^ 



9gM4 ' ^ -^^^1 g 

<M4 KM4 



[I] 



+ I] ^i234'c>l A 93 A 94 A ^ + ^ ^1234'92 A 93 A 94 A ^ 



3</J4 ^ 3</l4 



[III] [IV] 



^We generally describe a Legendre correspondence by the symbol □. Hence, the analytical duality described 
by the Legendre correspondence is written (g, p). 
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Now we detail the different terms involved : ^lill ~ 1 



^123/J4 
-^1234 



-134/J4 
-^1234 



1 

1 
















5r'^4 ^/'4 5r'^4 7M4 

^1 ^2 ^3 ^4 










1 







5r'^4 ^/'4 5r''4 5r''4 

^1 ^2 ^3 ^4 

Therefore we obtain : 



2^ 



rl24/j4 



,234/14 



10 

10 

1 

'7/'4 7/^4 5r''4 ^M4 

^1 ^2 ^3 ^4 

10 
10 

1 

o-''4 7/^4 5r''4 5rM4 

^1 ^2 ^3 ^4 



[I] = 2^9i Aa2Aa3A 



99^4 



fill 



95^4 



[IU] = Z^'^di Ads Ad4A 



[IV] = — ^^"92 A 93 A 94 A . Then we obtain the expression for Z : 

Z = aiAa2Aa3Aa4 + 2:4M9iA92A93ATj^ 2:3^91 A92A94A ^+2:2^^1 A93Aa4A^ -2:1^92 Aa3Aa4A^ 



9^^ - — 

Since, (p,?;) = = cdo(2) + n-^^-'^d^p A Ax)^,{Z), we expand 110 as 



9A„ 



9A„ 



= cdi)(2) + n-^^'MA^ A doi(2) + n^^-'dA^ A di)2(2) + n-^^^d^,, a di)3(2) + n-^^ *dA^ a Ax)4(z) 

{p, v) = edr)(9i A 92 A 93 A 94) 

+n'*"MA^ A dl5i(-2i^92 A 93 A 94 A ^tI-) + n-^^'dA^ A dt)2(-E2M9i A 93 A 94 A ^) 

+n-^^3dA^ A dt)3(-23M9l A 92 A 94 A ^) + n-^^^'dyl^ A dl)4(24M9l A 92 A 93 A ^) 

{p,w) = e + n-^^'^i^ +n^"^22M + n'^'^^23M + n-''"'*24^. J 
Since (p, f ) = e + 11"^'^'^ Z^^, we obtain : 

5 



d{p,v) 



On the other side, since F^^, = d^Ay — d^A^ : 

dL{q,v) 1 d , , _ . 1 



d 



{d^A, - d,A^) 



The expression of the multimomenta is given by (j2.7p . 

The equivalence (|2.5p is now (|2.8p : 

{q,v)B{q,p) ^ n^-^- = ^^'^-Fa. 



(2.7) 



(2.8) 



The Legendre transformation is degenerated. We cannot find a unique correspondence between 
the multivelocities v and the multimomenta p. Given a v £ nRcg)^ T*(T*X) the equation (|2.5p 
has a solution p E A^ddw if and only if p G A^Dcg with : 



A^Dog ={(x,^,edt) + r?^V"FAadA^ Adt)^ / {x, A) e T*X ,t e C 



(2.9) 



Notice that A^Dog C A^ddw is a vector sub-bundle of A^ddw The degenerate feature is related 
to the contraint n"^"^ = F'^'^ = —F^'^. The Legendre transform is recover if we impose the 



^Notice that drii = di J df) = (-1)^ ^dx'^ A da;^ A da;* = da;^ A da;^ A da;" as well as dt)2 = -da;^ A da;^ A da;" 
also dx)3 = dx^ A da;^ A da:" and finally dt)4 = — da;^ A da;^ A da;^. 
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compatibility conditions : + 11"^''^ = 0. It is an example of a Dirac primary constraint set 

Therefore, we restrict ourselves to work with the submanifold : 

A^Maxwcll ={{X,A,P) G MuUW I n^"^ + n^"" = with n^-/^ = F'^^} C A^oDW (2.10) 

In the Maxwell case, the Dirac set are compatibility conditions that allows us to recover a 
Legendre transform. The DeDonder-Weyl theory setting is concerned rather with the Legendre 
correspondence. We introduce two different spaces. The first is the DeDonder-Weyl submanifold 
•A^DDw on which we consider the canonical Cartan-Poincare 4-form (|2.4p : 

:= edt) + X] n^^'dA^ ^ clt),, = de A dt) + dH^"'^ A d^^ A dt},. 

The second is A^Maxwdi, defined by (|2.10p (with the imposed constraints 11^'''^ + 11"^'''' = oj^. 



2.2 Hamilton- Maxwell equation in the DeDonder-Weyl framework 

We compute the Hamiltonian function of the Maxwell theory in the (DDW) case : 

W^^q.v) = M - L{q,v) = {p,v) + i (r/'^^-F^.F^. 
Making use of relation ()2.6p we find : 



Then, the Hamiltonian function (j2.1ip is given by : 

^'°n9,P) = c-^W..n^'*'^n^''" with n^'^'^ = ry^^^'^FA,. = F'^'^ (2.11) 

In order to obtain the generalized Hamilton equations X J = (— l)"d'H, we need to com- 

pute d?^'*''^(g,p), the differential of the Hamiltonian function. Since we work with a degenerate 
Legendre transform a naive use of the general method leads to incorrect equations of motion. 
We have: d'H'^'"^{q,p) = de - \r|npr]„f^d{U^^'''U^p'') = de - ^r]npr]„(^Il^p''dU^^''' which describes 
the right side of the Hamilton equations (I2.12p . 

X = (-l)"d?^ (2.12) 

Let us denote VI < a < 4 : 

Then we consider a n-vector field X = Xi /\ X2 /\ X-^ /\ X4 £ A^T*Muuw 

Lemma 2.1. Let X be a (n — l)-vector field and let {dpj}-^^^^^ be a set of n 1-forms. We 
have : 

X J ( /\ dpj = X J dpiA- • -Adp^ = ^(-1)^+1 (dpi A- • -Adp^^iAdp^+iA- • •Adp„)(X)dp^- 

l<i<n j 



* The important point concerns the restriction related to those constraints on the allowed vector fields on 
the multisymplectic space. In such a context, the vector fields on A^Maxwcii must be written with the term 



^^"''(—1-^7 - TnS^) rather than with the term T;^""— l-^j in the expression ((2A3)) of X £ A^TM 



Maxwell • 
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Thanks to lemma (j2.ip , the left side of the Hamilton equations (j2.12p is written : 

X J QP^"" = X J (de A dt) + dn^"'' A dA^ A dt)^) 

= dl)(X)de - (de A dX)p){X)dxP + (d^^ A dX)y){X)dIl^^'' 
-(dn^^'^ A d^^){X)dA^ + (dn^^^ A d^^ A d\)p^){X)dxP 

So that we obtain : 

XaQP^-" = de-T/x^ + e,^d^^^^-T^"dA^+ (Tp''"e,^-T>"Gp^)dx'' (2.14) 
The decomposition on the different forms dll'^f'^, de, dA^ and dx'' gives : 

"®7 ^ -2W-n^'"' and _T, + (T^^e.^ - T^^ep^) = 
-Tr = 

that is equivalent to : 



[ d^U^^^ = 

The second line of the previous system gives the half of the Maxwell equations. Notice that the 
Legendre degenerate transform implies Il^i^'^ = F^''^ so that d^H^'^'^ = dpY^"^ = 0. However we 
can not recover the full set of Maxwell's equations since 

We are not recovering the usual Euler-Lagrange equations precisely because we work on the 
degenerate space. Now we now work on A^Maxwdi- The constraint H^*^*^ + H"^"^ = selects the 
authorized directions for the vector fields and the ones we are not allowed to described. In this 
context, the vector field we shall use to make the contraction with the multisymplectic form is 
given by (I2.15P . We denote VI < a < 4 : 

= 1^ + ©.Ml^ + + - -4-) (2.15) 



The Hamilton equations (imH becomes : X J 0°°^ = (-l)"d?^. 

X J n^""^ = X J (de A dt) + dn^'^'^ A d^^ A dt)„) 

= dt){X)de - (de A d^p){X)dxP + (d^^ A dt)u){X)dU^^'' 
-(dn^"'^ A dt)^)iX)dA^ + (dH^^^ A d^^ A dr)p^)iX)dxP 

Then, we obtain : 

X J = de - Tpdxp + (G,^ - e^,)dn^^^ - (t>" - T^'^)d^^ 
+((T^^"e,^ - T^Opp) - {Tf^^ep, - T^^^'ep,)yxp 

The decompositions along dH"^''^ and dA^, gives : 

J (e^^-e^^) = -r^^pry^^n^"" r d^A^-d^Ap = f^^ 

Hence, the second line of equation (j2.16p gives Maxwell's equations : 

^d^.{U^^'' - U^^") = 5^H^^^ = duFP'' = 0. (2.17) 

Remark. We give detailed calculation in the next section (j4.4p . with the example of the two 
dimensional case for the expression X J where respectively X G VX, X G A^^TA^Maxwcii 

and X eyX,X e A^TA^DDw- 



(2.16) 
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2.3 Maxwell theory as an n-phase space 

We refer to the work of J. Kijowski |33j for the treatment of Maxwell's theory in the setting 
of a n-phase space. Due to the abelian feature of the Maxwell gauge theory, this treatment is 
essentially the same that the one exposed in the previous section, the notion of a n-phase space, 
inspired by J. Kijowski and W. Szczyrba [36j, and developed further by F. Helein |21) |22) . 

Definition 2.3.1. A n-multiphase space (or simply an n-phase space) is a triple where 
Ad is a smooth manifold, Q is a closed (n + l)-form and is an everywhere non-vanishing n- 
form. 

For a n-phase space {M a Hamiltonian n-curve is pictured as an oriented n-submanifold 
which satisfies : 

Vm eTyX e A"r„r X J = O and Vm G T, 3X G A^T^F X J/S^^O. 

The last condition is an independence condition. We can canonically construct n-phase space 
data by means of the hypersurface of a multisymplectic manifold. We recall that a premulti- 
symplectic n-form is closed but may be degenerate. In the general picture of a n phase space 
we express dynamics on a level set of "HO We recover the dynamical equations in the pre- 
multisymplectic case (I2J8D - see F. Helein pO] [2T] [22]. 

VH G C7~(A^,r„A1), (HjO)|r = and 0\r^O. (2.18) 

The canonical pre-multisymplectic form is given by : 

^p.o.nuM Maxwell _ ^Ma^wcll | ^ ^ H^^^d^^ A dt), | (2.19) 

We have n{q,p) = e - l/47/^p??i.^n^'''"n^'''^ with H^"'" = ^]^'^^]'"^Fxa = F^^. Hence, impos- 
ing the Hamiltonian constraint H = we are led to consider e = l/Arif^prji^fjU^i^'^Il^p" = 
—H{x'^,Aiy,Il^'^'^). Hence, the pre-multisymplectic canonical forms ^(^"p™"'*' and O^^'^^'j'""' are 
respectively written : 

^IZpT'' = ^r/^pr/,.n^''^n^'"^dt) + U^^'^dAp A dt). = ^H^^^HA^^dt) + U^^'^dA^ A dt)„ 

%IT'' = d^fepf'" = ^r/^.p^.^n^'^^dn^''^ A dt) + dH^''^ A d^^ A dt),. 

We denote, to simpHfy the notations : ^^^p"'"'" = 6^^^^ and fij'^pj'"'" = n'^^^^y Therefore, we 
consider the theory on the pre-multisymplectic Maxwell space (j2.20p : 

><lxweii={(2;,Ap) eA^oDw / n^-^^ + n^-- = Oandc=i??^,r?,.n^--H^''-} (2.20) 

We observe the following inclusion of spaces : Al^^^^^n C A^Maxwdi C AIddw The generalized 
Hamilton equations are given with the calculation of X J 0° : 

Xjn° = X j(l/2?7^pr/^^H^'''"dn^^^Adt})+A: j(dn^''''Ad^^Adt)^) 

= l/2r?^pr?,,n^'''^di)(X)dn^'"^ - (l/2r/^pr?,,n^'"^dn^''" A dl)p)(X)dx^ 

+ {dAf, A do^)(X)dn^''^ - (dn^M'^ A dt)^){X)dAp + (dH^"^ A dAf, A dv)(A:)da;^ 

^We can construct canonically a pre- n- multisymplectic manifold {M°,fl\j^Q,fi = rj_in|^o). Here the 
0|^o — "^"^(0) :— {{q,p) € ^\m\ ^{qTp) — 0} and 77 is a vector field such that dT-Lirf) = 1. In this case we 
observe the connection between relativistic dynamical systems and the treatment of the Hamiltonian constraint. 
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So that : 

X J n° = de - Tpdx^ + (G,^ - e^, + r?^pr?,,n^'"^)dn^'''^ - [T^ - T^''>')dAf, 
Once again, the decompositions along dll"^^'^ and d^^ gives : 

{eu^.-e^.u + Vf.pv•^an^n = o 

We recover (j2.16p and then the same conclusions. 

3 Algebraic Observables and observable functionals 

We being this section with the definition (|3.0.2p of algebraic observables (n — l)-forms and 
the related set spo(AI) of infinitesimal symplectomorphisms of the multisymplectic manifold 

{M,n). 

Definition 3.0.2. Let be an n- multisymplectic manifold. A (n — l)-form (p is called an 

algebraic observable (n — l)-form if and only if there exists E^ such that S,^ J O + d(p = 0. 

We denote ^""^(Al) the set of all algebraic observable {n — l)-forms. This reflects the 
symmetry point of view. It is the natural analogue to the question of the Poisson bracket for 
classical mechanics. Then, V^,p G we define the Poisson bracket (jS.lh : 

{ip,p} = Hp A J O = -Ep _\d(p = E^_\ dp. (3.1) 

where, {(P,q} G ^^^^{Ai) and the bracket (13. ip satisfy the antisymmetry property and Jacobi 
structure modulo an exact term \/ip,p,r] G ^"^-"^(A^) : 

{ip,p] + {p,ip] =Q {{ip,p}rj] + {{p,Ti}ip] + {{r],ip}p] = d{i^ ^ip J^). 

Since we have defined an infinitesimal symplectomorphism of (A^,f2) to be a vector field E G 
T{A4,TM) such that £h^^ = 0, using the Cartan formula, we obtain : C^fl = d(H J O) + 
E J dCl = 0. Now, since the multisymplectic (n + l)-form is closed dCl = 0, this relation is equiv- 
alent to d(E J O) = 0. We are looking for vector fields E G T{M,TJA) such that d{E J fi) = 0. 
We denote by 5p^{M) the set of infinitesimal symplectomorphisms of the multisymplectic man- 
ifold {M,n) : 

5p„{M) = {h G T{M,TM) I d(H j fi) = o}. (3.2) 

3.1 Some algebraic observable in — l)-forms 

We are interested in the algebraic observable (n — l)-forms and their related infinitesimal 
symplectomorphisms on the multisymplectic manifold (A^Maxwoib ^^°°*)- First we take some 
simple examples and we enter in the larger setting step by step. We find two types of algebraic 
observable (n— l)-forms : the (generalized) position (n — l)-forms and the (generalized) momenta 
observable (n — l)-forms. Let us begin with the following algebraic observable (n — l)-forms : 
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= dx^" A TT, = (j){x)dx^' A TT, Qf,u = AA di)^u and Q^^, = '4>{x)A A dt)^^. We denote the 
Faraday (n - 2)-form ^5] [25] [50] bv : 



2 ^ (Jx'^ 

and we denote the potential 1-form A = A^dx^. The couple of variables {A,Tr) depicts the 
canonical variables for the Maxwell theory [23] |2l] [25] [26] |29] [30]. Notice that the Faraday 
(n — 2)-form is also written : -kdA = r^^^rj^" {d^Ay — dyA^)dX)\„. First, let us focus on P^ = 
dx'^ A TT. We have : 

p" = dx^ ATT = dx^ A [hi^^^dx)^,) = hi^^^[5p,dx), - 5Pdx)^) = ^(n^-'dt), - n^-^dt)^) 

Using the constraint 11'^^'^ = —11'^'''^, we obtain : P'^ = Yi^i^'^dX}^. Now we compute the exterior 
differential dP^ = d(dx^ A tt) = d(n^'^^dt)^) = dH^^''^ A dX)y : If we consider H(P'^) = ^ we 
have dP^ = — H(P^) J 0°°^ as shown by the following straightforward calculation : 



d 



J QDDw ^ - ^ ^ ^ ^j^A^u ^ ^ ^^^^ ^ -dn^'^'^ A do 



dA 



We prefer to consider P,^ = <pn{x)Il'^'''^d^,y. The exterior derivative dP,^ is given by : 
dP^ = d{^^ix)U^-'') A dl), = (n^M-^(^)d:," + 0^(x)dn^''^) A dtj. 



dx 

= n^''"^dt) + (/>^(x)dn^-'^Adt), 

The related infinitesimal symplectomorphism is denoted by ^(P,^) : 
Let us compute the contraction ^(P^) J : 



S(P,)J0-- = (0,(x)^-(^(x)n^''^)|) j(deAdo + dn^^'^AA,Ado.) 



[^MElu^^^)dr) - 0^(x)dn^-'^ A dt), = -dP, 



Now we focus on some algebraic position (n — l)-forms : Q*^ = ^■ip^'^{x)A A dr)^,^ with Tp^^{x) a 
real function which is antisymmetric in the indices ^,v. 

= \^pt^-{x)ApdxP A dx)^, = \r''{x)Ap{5P,dx), - 5Pdx)^) = \r''{x){A^dX), - AA%) 



Since = -7p''^' then Q'^ = i/j^" {x)A^d\)u. We compute dQ'^ : 

dx 



dQ^ = =d(V''^'^(x)^^dl),)^^^(x)dx" Adt),+^'^'^(x)d^^Adt), 



A^^{x)dt) + V'^'^(x)dyl^ A dX), 



The related infinitesimal symplectomorphisms are denoted H(Q'^) and are given by : 
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Let us compute H(Q^) J 0°°"^ 



We summarize the results relating the algebraic observables forms , and their related 
infinitesimal symplectomorphisms H(P()i,), H(Q'^) : 



1 



H(Q^) = 



d 



u ) Pi. 



(3.3) 



dx'^ ' dc ' ^ ^"^ c?n^^ 
Let notice that if we work in the pre-multisymplectic case {M o , ° ) we have : 

d 



\^^"'{x)A^dX) 



d 



(3.4) 



We need a more embracing view to better take under consideration the conditions on the 
functions (pf^ix) and ip^'^{x) and more general choice of such functions. In doing so we provide a 
deeper description of the infinitesimal symplectomorphisms S(Q'^), ^(P,^), S(Qq) and H(P°). 
It is the subject of the following sections ()3.3p and ()3.5p . Before going to that step, we give in 
the next section (|3.2|) the Poisson bracket structure in this simple case. The objects of interest 

are {Q'^,Q^}, {P</„P</,.} and {Q^,P</,}. 



3.2 Poisson Bracket for algebraic {n — l)-forms 



First, following the symmetry- algebraic standpoint : 

Proposition 3.1. Let 0^(x),(^^(x) and V'^'^(a;), ^''^'^(^j) smooth functions with ^'^'^(x) = —ip"^^{x) 
and ip^'^{x) = —ip'^^{x). for {M MaxwM,^^^^) the set of canonical Poisson bracket is given by : 

{Q'^,Q^} = {P^,P^}=0, and {Q^, P<^} = -V''^^(x)0^(x)dt5,. 

This corresponds to the mathematical setting of the traditional Poisson bracket for algebraic 
(n — l)-forms : *P"~^(A1) x *P"~^(A1) — )• Let us consider two algebraic position 

observable (n — l)-forms Q'^ and Q*^ given by (13. 3p : 

Q'^ = i;^^'^{x)Af,{x)dr),, and = i^^^" {x)A^{x)dt),. 

We compute the internal bracket : 

{Q'^,Q^} = H(Q^) JH(Q^) 

= -EiQ^) J ((^.^)| + r'^i^)^) J (de A dtj + dn^"^ A d^, A dt,.) 
= ((^/^1^)7^ + ^'^(-)7ro7) ^ ((^Ml^)dO + r''{x)dA, A dt,.) = 
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Now we compute {P<^,P(^«} where the algebraic (n — l)-forms P,^ and the related infinitesimal 
symplectomorphisms H(P^) are given by (|3.3p . Hence we have the internal bracket : 

{P,,P^} = H(P,)jH(P^)jO-- = -S(P,)j(<^,(x)^-(^n^^^)|) jfi-- 

= -E{p^) J ( - ^^(x)dn^-'^ A dt). - (^M^) n^M-)dt,) = 

Finally we compute the last internal bracket | Q'^ , P,^ } : 

{Q^P4 = -H(Q^°) j(-</>^(x)dn^.'^Adt).-(^^n^''^)do) 

= + J (-Z(-)dn^^^ Adt).- (^n^^^)d,) 



Finally, 

{Q^P4 = H(Q^) J dP, = -i{A,^)§-+r-'{x)^) J (n^''^^do+0,(x)dn^''^Adt,.) 



So that {Q'^jP^} = —ip^'^ {x)(l)f^{x)dt),y. We summarize our results and recover the proposition 
(O) : 



{Q'^°,Q'^-} = {P<^,P^.}=0 and {Q'^, P^ = -^'^'^(x)</.^(x)dt), 
3.3 All algebraic {n — l)-forms 



In this section we describe the set of all algebraic (n — l)-forms and their related infinitesimal 
symplectomorphisms H G r(AlMaxweii) ^-A^Maxweii)- First we introduce the notation. We consider 
C G 3 and we denote : 

C = ^'^(^,^)^ + 0m(^>^)^ (3-5) 

with X'^ : 3 — > and 0^ : 3 — > are smooth fonctions on 3- Hence, we denote the 
decomposition of E^ow G ^{-Mudw^TMudw) as : 

Heow =X'^(g,p)^ +e,(g,p)^ +T(,,p)| +T^^'^(,,p)^ (3.6) 
We also denote vector fields E = ^Maxwell e r(AlMaxwoii, T'A^Maxwoii) as : 

=„„„ =x-(<,,p)|, + e,(,,rt^ + r(<,,p)| + T^-(,.p)(^ - gS^) P-^) 

The objects X''((/,p),©^(g, p),T(g,p) and T"^'''^(g,p) are smooth functions on A^Maxwoii C A^ddw C 
A^T^iT^X), with values in M. Now we evaluate the expression E J 0°°"^ : 

E J = Tdri - X^de A dt)^ + T^^'^dA^ A dt)^ - O^dH^^'^ A dt)„ + X'^dH^^^ A dA^, A dt)p^ 

We rise relations from the definition of a symplectomorphism d{E J 0°°^) = 0. We make 
the following calculation : 

d(HjO°°*) = dT A dt} - dX"^ A de A dt}^ 



+dT^^'^dA^ A dt)^ - de^ A dH^"^ A dt)^ + dX^ A dH^^'^ A d^^ A dt) 



pv 
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Then let us write the expression under process as a sum d(H J 0°°^) = ^jij with each terms 
Li given by : 

ti = dT A dt) 
i2 = -dX" A de A dr);, 
63 = dT^^'^dA^ A dt), 

t5 = dX^ A dn^"'' A d^^ A d V 

9T dT dT dT 

Since dT = - — dx" + ——dAs + de H 3 — dll^''", the first term ti = dT A dli is written : 

ox" oAfs oc (9n^'5" 

(9T 8T dT 

Moreover, since dXP = - — dx" + Tri^dAg + de H ^ — dH^/^", the term t2 = -dX'" A 

^ dt an^/s" 

de A dt)i/ is written : 



t2 



dX" , „ , , , . , , dX" 



-dx" A de A d^u - -^^^d^/? de A dt),. - -^^dU^^°' A de A dt)^ (3.9) 



dx°' 

whereas the term 45 = dX'' A dll^'''^ A dAfj_ A drjp^ is written : 

DXP dX^ 

^5 = IT^dx" A dn^"^ A d^^ A dt)p^ + 7T^d^;3 A dH^"^ A d^^ A dt)p^ 



Q^a- . 

f>YP ftYf- 



'p f)XP 
+ I^de A dU^-" A d^^ A dt)p, + ^^dn^''- A dU''-'' A dA^ A dt)p. 



(3.10) 



" - ^ dx" + — - — dAR + — de + ^ , . 



thanks to dT^"'' = ^ ^ dx" + — dA/3 H de + ^^^^^ dn^'^a expand the term 

43 = dT^-'^dA. A dt), : 



= -(^-^)^^-^^^^+(^-^)^^^^^^-^^''^ .311. 
+ (^^ ^ A dt). + (^^ - ^^)dU^'" A d^, A dt). 

90 (90 90 90 

and finally d0„ = — — ^dx" + —-^dAg H — Tr^dt + - — r^dn"^"" give us the last remaining term 
ax° dAg de SIT^"" 

44 = -d0p A dn^A'^ A dt). : 

44 = ^dn^-^" A dt) - |^dA;3 A dn^-'^ A dt). - ^de A dH^"'^ A dt). 

dx- dA^ de ^2) 

-TT^dn^'S'^ A dn^"'' A dt). 

dn^3" ^ 

The decomposition of the terms p.8p - ()3.12p on the different (n + l)-forms involves de A 
dt), dn^^''' A dt), dA^ A dt), de A dA^ A dt)., dn^/^" A d^^ A dt)., de A dH^"^ A dA^ A dt)p., 
j^jjA^a A dll"^'^'" A dt).. More precisely we now describe precisely the different terms. First the 
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decomposition involves the following terms : 



j2 [dn^/s" A dn^"'' A dA^ A dt) 

ja [de A dt)] 

j4 [dn A dX)] 

js [d^ A dt)] 

je [de A dA A dt)^] 

jr [d^ A d^ A dt)^] 

jg [d^ A dn A dX)^] 



jg [de A dn^"^ A dt)^; 

jio [dn^^" A de A dtj, 

jii [d^ A dn A dA A dt) 

ji2 [de A dn A d^ A dt) 



dG 



dn^'3" A dn^"'^ A dt) 



dXP 



dn^/s" A dn^"'' A d^^ A dt) 



+ — )deAdt) 



^ dx'^ dt 

'^-dn^"^ A dt) + ^:;^^dn^'3" /\ 



dAfs A dt) 



,5T 



dA^ A dt) 



dz 



dc 



)de AdA^ Adt), 



dAs A de A dt) 



' dAp 
dXP 



dA, 



dAp A dA^ A dt);. 



dx" A dli^^" A d^^ A dt)p^ 



QUApa > 

''de Adn^^'^ Adt)^ 
dn^^" A de A dt)^ 



— ^dA^Adn^-'^Adt), 



9e 
dXP 



d^^ A dn^"'' A dA^ A dt)p^ 
de A dn'^"'' A d^„ A dt). 



(3.13) 



The decomposition of d(H J f2°°^) gives us information about the dependence of the involved 
functions. Hence from p.l3p -ji-j9. we conclude that and are independent of variables 
n^/3°. Then, from the terms (|3.13p -iQ-iin and (|3.13p -i'; we observe that are independent 
of the variable c. From (I3.13p -jii we find that is independent of the variables Ap. Prom 
(|3.13p -ii9 we find again that X'' is independent of the variable e. Due to decompositions ()3.13p - 
ji-j2-j9-jio-ji2 we have : X'' = XP{x,A) and ©^ = Q^_i{x,A). From ()3.13p -jii . we observe 
XP = XP{x), so that, due to (f3lB -i«-i7 we conclude that : T^^'" = T^'*''(x,n). We don't 
have any extra information on T = T(x,^,e,n). The functions X^ ,Q^,t are smooth 
fonctions on A^wcyi C A"'T*3; with values in M satisfy the following coordinate dependance : 

X^=X^{x) , ©^ = ©^(x,^) , T = T(x,Ae,n) , T^-^^ = T^'^^(x, H) (3.14) 
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We consider the further condition T^'^'^{q,p) = —t^''^{q,p) so that we are left with equations 
P.13p-j3-j4-j5-j6 : 



dx^ or 



de, 



+ 



or 





ax 


QJ-A^u 


















de 


dA^ 



(3.15) 







together with the set of equations involving more than two terms, namely those witch arise from 
(j3.13p -i«. We have the following proposition : 

Proposition 3.2. Let E G r{M,TM) then E satisfies d{E J 0°°"*) = if and only if E is 
written E = ( + x with 



c 



dx'' 



'dA, 



dx^ dx^ 



dX". 



dx^ 



and X = T| + r^^'^g^ with T : 3 
that : 



•dA, 
and T^A'° : 3 



d 



(3.16) 



dA^ V an^A'^ 



5A„ 



dx" 







smooth functions on 3 such 
(3.17) 



The following proposition ()3.3p is a result due to F. Helein and J. Kouneiher |25j |26) and it 
describes the more general search for all algebraic observable (n — l)-forms. Any infinitesimal 
symplectomorphism E S spo(A^) can be written under the form E = x + C- 

Proposition 3.3. If M is an open subset of K^T*'^, then the set of all infinitesimal symplec- 
tomorphisms E on M are of the form E = x + Cj where 



with, 



d 



/3l<-</3n 



an. 



a,/3 



(3.18) 



[i] the coefficients X/3i - /3„ ai'e such that d(x J O) = 0. 
[2] := C"'{q)-^ is an arbitrary vector field on 3- 



[3] ^^ ■— J2l3^<-<I3„ Y.^Ji^fi^Ppl■■■f}^-la|3^.+l■ 



d_ 



We decompose the vector field E S T{M,TM) with general coordinates : 



d 



■^ax...a., 



Xq,p) 



d 



dpai...an 



Now we adapt our notations for Maxwell, namely we denote and also the only component on 
multimomenta area as 



E''{q,p) = [x''{q,py,e^{q,p)} 
We denote : 



.,...aAq,p) = {r{q,p);r^^''iq,p)} (3.19) 
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We consider the expression (j3.16p so that we obtain a expression for x 



d 



X 



i- — ) + — ^n^'''')) — 



dx 



de 



^^^^^^ ^ ^oaJI - '^^^ 



d 



(3.20) 



As announced in the proposition (jS.Sp . we have coefficients of x such that d(x J 0°°*) = 0. 



dip 



Since X = X'^-g^ + X^-^fp^^ the interior product of x with 0°°^ writes simply : 



(^'^ + ^"tto) ^ ^ + dn^-^ A d^^ A dt).) 



d 



= x'dt) + (dn^-'^(x"^^)dA^ A dtj.) = xMt) + x"dA^ A dt). 
Now we compute d(x J 0°°"*) = dx' A dt} + dx" A dAf, A dt)^ 



d(x Jfi' 



dX\ ^y,dX^^^ ,de^,-\ ^dX^^.w 



thanks to the expression of the exterior derivative dT and d'T'^'^'^ , we obtain : 

d(x 



,dr dr^^".^ , .ax dx\ ^ 

(qA ^)^^^ ^ ^"^^ + (— - A dt) 



dx'' 



+ 



dn^'^'^ A do + 



dt dx'^ 



+ ( — 7^ TT-:— )de A dAf, A dt) 



dA 



)d^/3 AdA^ Adt), 



Now we are interested in terms in which T is involved : the first three terms in the last 
equation are concerned. Let notice that, if we denote q = {x^A} then, T = T{q, e,n) and the 
first two terms in the last equation give : 



dT dX'^ 







dT 



d&, 



(3.21) 



^(,,e,n)-^(,) = 

Hence, it exists 'T{q) = T{x,A) So that : 

dP> d X'^ 

T(,,e,n) = T(,) + (^)n^^^ + e(^) 

On the other side, T^'^'^{q,p) = T^'^'^{x,H) therefore, the interesting information is contained 
in the set of equations : 



dT 



/ / dX'^ , , , 







("X 221 

ppr-A^^v f)Y^ dX^ dP> i V ' / 

9n:4;:^(9'^'n)-5;^([(^)-5;;(^)]-(^))]dn^^-AdA,Adt). = o 
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Hence, it exists T^'''"(g) = T^''''(x,A) So that : 

T^^^iq,p) = T^^^(x, A) - U^^^6^^{ [i^) - 5:i^)] - (||;)} + e(|^) 

The set of infinitesimal symplectomorphisms spo(AlMaxwcii) of (A^Maxwdi, is described 

by vector fields H = ^Ij^j^ = C + X with ( described by p.l6p and x = ^-§^ + T^''" gjpj^cr . 
Here, X'^, 0^, T, T"^^" are defined on 3 and not anymore on the full multisymplectic manifold 
M 

Maxwell • 

Proposition 3.4. If we assume that (1x^(3) =0 - we throw away the which correspond to 
parts of the stress-energy-tensor - the proposition ()3.2p gives : 



T^f'^, T and 0^ are smooth arbitrary functions of {x,A) with T^'^'^{q) = —T^"^{q), they 
satisfy the condition : 



dAi^ dx" 

Proposition 3.5. Let (p E r(A4Ma.™en, A""^r*A^Ma.™e»)- The {n - l)-form (p is an algebraic 
observable if and only if (p is written (f = (fx + <Pa + <Px where 

CPX = eX^dt)p - H^^^X^dA^ A dV /o no^ 

= n^-'^G^dt). ^^-'^^ 
where X^, 0^ : 3 — arbitrary smooth function on 3 (f^ is a {n — \)-form such that 

dip^ = Tdt) + T^^'^dAf, A dt)^ (3.24) 
wii/i T and T^f'' suc/i i/iai T^'^'' = -T^-'^. T/ie function T and T^"'" safe/y 



dA^ dx" 



(3.25) 



We notice that (px + are the so-called generalized algebraic momenta (n — l)-forms. 
Recall that an arbitrary vector field on 3 is written (13. 5p . ( := Yla^'^il)'^ ~ ■^'^ ^)'^ + 
G^(x, j4) Let us denote P^ = C -I ^ so that 

P^ = C J (edt) + U^^'^dA,, A dt),) = edt)(C) + n^^'^((C J d^^) A dt), - d^^ A (C J dt),)) 

Since, C -I dA^j = 6^ and ( J dt), = (X^'glp) J dt), = X''dt)p, Then we obtain : 

P^ = tXPd\)p + H^'^'^e^dt), - H^'^'^X^dA^ A dt)p, = ^x+^A 

P^ are the generalized momenta (n — l)-form. We have dP^ = — C -I 0°°^. The canonical 
symplectomorphism associated to P^; is denoted H(P^) = (. We evaluate the exterior derivative 
dPc = d[(px+iPA\ ■■ 

dP^ = d(ex^ + n^^'^e^) Adt),-d(n^^'^x^) Ad^^ Adt)p, 

x^dz A dt), + tdX" A dt), +n^^''de^ A dt), +e^dn^'''' a dt). 



''I ^-2 t3 t4 

dH^'^'^X'^d^^ A dt)p, - H^^'^dX^dA^ A dt)p, 

^ V 

t5 t6 
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Now we expand the objects dJC, dQ^ so that : 

.2 = edX^ A d.,. = c{^dx- + ^dA, + ^de + ^dn^^") A dt). 

.3 = n^'^^de, A d,. = n^''^(^d." + ^dA, + ^de + ^dn^.") a d,. 

Then, 



dP^ = X^dc A dt}^ + tdX" A dt)^ +e^dn^'''' A dv)u - dn^^'^X^dA^, A dt) 



il '■2 t4 15 

i^ft rifi 

+ n^M-(^)dx- A dt), +n^M-(^)d^^ A dt), +n^M-(^)de a dt,. 



1-7 19 

+ n^M^( jq/^)dn^/3° A di)^ - n^M^i^dx" a dA,, a dt)„^ - n^M^^dA« a d^„ a 



'10 '■11 



n^^'^de A d^^ A dv - n^-'^^dn^''" a dA^ A dt)p. 



Since, X = X[x) and = ©^(x, A) - see p.l4p . we obtain vanishing contributions from the 
terms ig, tio, ti2> ^13 and ii4. Therefore : 

dPc = X'^de A dt)^^ + edX'^ A dri^^ +Q^^dn-^"'^ A di}^ - dn^^'^X^dyl^ A dt)p^ 

1-1 1-2 LA (-5 



+ n^M-(|^)dx" A dt), +n^--(|^)dA^ A dt), - n^.'^(|— )dx" a d^^ a di^ 



l-S 



On the other hand, the general expression for a canonical symplectomorphism is : 

( J fiDDw = CJdeAdt) + CJ [dn^'^'^ A dA^ A dr)^] 

) H ^ 

dx'^ dx^ 



(^(S7) + Sn^-^)do-X-deAdo, 



+dn^^'^(C)dA^ A dt)^ - dA^(C)dn^'''^ A d\)^ + dx^codn^^'^ a dA^ A dOp^ 
(^Y*^ BP) 

-'(5^^^*^ -^n^''^do^£MeAd2. +dn^'-(C)dA, A dQ. 



-d^p(bdn^^^ A do^ +XPdU^^'' A dA^ A dt)p^ 



-15 



Since, d^^(C) = ©^ then we compute : 

-dAf.iOdU'^^'' A dr)^ = -©^dn^^'^ A dl)^ = -i4 
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Let us denote, [I] = ti + 12+14 + 1-5 +17- We remark that C -I 0°°^ 
itice 

the term : 



-[i]+dn^''''(C)dA^Adt), 

let also notice that dn^'''^(C) = with C = afr + + C'f + C"^^' 



so that : C -I 



dA„ A dt},y. Finally wc shall denote the remaining terms 



[II] = 48+^11) hence we can write the equality d[^j(^+^^] = [I] + [II]. Therefore in order to prove 
the equality C -I = -^\Px + we only need to prove that dn^'''^(C)dA^ A dt)^. = -[II]. 

Since dx" A dt)pi, = (5^dt)i, - 5"dt)p 



ill 



.n^M^^r^dx" A d^„ A dt)p^ = n^^^^d^u A 



dx' 
.dX.P 



,dXP 



Ox" 



(5^dt).-<5^dOp 



= "^'''^T^dA, A dQ. - n^^-^^d^, A dt), = n^"- (^) - 



and also, on the same vein. 



,dX^ 



dx° 



^8 = n^'"^(^)-e(:^) 



MX" 



so that we found the wanted result. 



3.4 Dynamical observable (n — l)-forms 

Proposition 3.6. Let H G r{M,TM) then H satisfies d(S J J)^^'^) and d'H(S) = i/ anc? oniy 
i/ H is written H = + wit/i 



(3.26) 



a vector field on the Minkowski space-time X - a generator of the action of the Poincare group 
- and 



H4 = e 



d fd@ 



"dA^ \dx 



Kdx" J 



+ T 



d 



(3.27) 



Proposition 3.7. Let p G T{M.Maxweii-, '^T* M. Maxweii) ■ The {n — l)-form p is a dynamical 
observable if and only if p is written p = px + Pa where 



px = tXPdtjp-W^^^XPdA^Adtjp, 

PA = n^'-'^e^dt), + T^'-M^dt), 

X^^, 9(U, T'^^''' : 3 — >• IK are arbitrary smooth function such that T^'''' = — T"^"'^ with 



(3.28) 



dT 



dx'' 



= 0. 



Since d'H'^™''"(g,p) = d'H{q,p) = dz-\r]npr]i,cr^^''" dli^'^'^ we consider d?^(H) as a polynomial 
expression depending on the variables (e,!!"^*"^). We have : 

dW(=) = dW(x + () 
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So that we obtain : 

d«{=) = T + W[-(||,)] + [n''-''][-i,„,„,T''-"-|i] + [.n''-][l,,,,,„.(^ 



(3.29) 



Thanks to ()3.29p we have the following relations T = and 

H = [-(§;)] 

r A . rl , (3.30) 

The relation (f330D - [eH^^"] leads to X''{x,A) = X^ix). From ([330]) - [n^"''] we obtain 
the following relation : 

(1/2)7?,^7?,,T^''- = -d,Q^ 
-(l/2)r?.,r?p^T^-P = 9^6, 

If we sum the last two equations we obtain : 



Thanks to (13.301) - , we obtain 



and X = ^'^''"ot^ T : 3 ^ M and T^''° = S^e^. - 3^.6^ : 3 ^ K smooth functions on 3 
such that : 

— = 3.32 

dx" ^ ' 

Hence H G T{M,TM) such that (i(H J 0.°°"^) and d?^(H) = if and only if H is written as 
announced in proposition (j3.6p : 



3.5 Algebraic observable [n — l)-forms in the pre-multisymplectic case 

We enter into some details, considering the pre-multisymplectic case. For the (DDW) pure 
theory without constraint type, and forgetting the decomposition on the space-time variable - 
so that we forget the stress-energy tensor part - we would focus on the following infinitesimal 
symplectomorphisms, H° G T{M^-^-^,TM^-^-^) as : 



1m 



= e,(g,p)^ +T^'-(g,p)^ (3.33) 
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Notice that due to the Dirac primary constraint set, we must consider the following object 
H° G r(A1j^^j,^^jj, TA^^^^^^jj) which is given by the interplay of some forbidden directions : 



Qfj.{q,p) and T"^''''{q,p) are smooth functions on jM^^^^^h C A^Maxweii C A^ddw C A'T*(r*Af), 
with values in M. We evaluate the expression H° J : 

H° J 0° = H° J (i7?^,7?,,n^''^dn^'''^ A dt)) + H° J (dn^"'^ a d^^ a dt),) 

= (T^M- _ T^"^) dA^ A dt), - e^.dn^"^ A dt), + ir/^pr/^^n^"- {T^^^ - T^"^) dt) 

Now using the definition of the symplectomorphisms d(H° J fl^) = 0, we make the following 
calculation : 

d(H°jO°) = d(T^''^-T^'"^) Ad^^ Ado^-de^Adn^'''^ Adl)^ 

+l/2r?^p7?,,n^'"^d(T^-^ - T^--^) A dt) + l/27?^pr?,4T^'^^ - T^^'^)dn^'"^ A dt) 



Using the decomposition of dO^ and dT"" 



The different decompositions of (n + l)-forms are written : 

ji [dn^/s" A dn^'^'' A dt)^] I -^jp^dn^'S^Adn^'^'' Adi)^ 

QfA^,u Q'^Av^i 

h [dAAdAAdo^] I {-^, ——)dA,i^dA^,^dX)y 

OA/s OAj3 

h [d^Ad,] I 2W..n^-(^-^)d^/.Ad0+(^-^)dA,Ad, 



j4 [dHAdl)] 



g')[Af,u 


QfAyfl 


dAp 


dAp 


g^A^u 


Q'>£Av^l 


dJlApa 


dJlApo. 



(9© 1 

+^dii^^^ ^dx) + -v^pvuair^^" - T^''^)dn^-'^ a dt) 



fj'f^i^'^ fj'TAvti 

j5 [d^AdHAdt).] I -^d^,Adn^^^AdO. + (^^-^^)dn^''"Ad^,Adt,. 

(3.35) 

The mathematical requirement on the infinitesimal symplectomorphism d(H° J 0°) = allows 
us to precise the condition on the functions and T"^'''^. The equation (|3.35p -ii gives us that 0^ 
is independent of momenta, 0^ = Q^{x,A). The equation p.35p -i9 gives T^"'^ = T^'''^(x,n). 
Since we have equation (|3.35p -iq we obtain the following condition : 

5^(T^-^'^ -T^^'') = (3.36) 

We recover from relations that emerge from (j3.35p -ii-if^ the results of J. Kijowski [M] and J. 
Kijowski and W. Szczyrba |36j. 
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3.6 Observable functionals 



First, we recall the general setting for describing the kinematical and dynamical observable 
functionals. Then we construct the dynamical observable functional for Maxwell theory. 

Kinematical observable functionals. The important objects for the needs of physics are 
observable functionals. This provides a bridge with the classical or quantum observables of 
field theory. We describe a multisymplectic manifold together with an Hamiltonian 

H. We denote by £^ the set of Hamiltonian n-curves. This picture is the generalization of 
an Hamiltonian systerr[^ (A^,r2,^) to the n-dimensional case where the dynamical data are 
(AdjiljH). Before giving the definition of an observable functional, we introduce the notion of 
slice. The quantities of physical interest are functionals on the set of Hamiltonian n-curves 
We construct such observable functionals by integration of an algebraic observable (n — l)-form 
over a submanifold S C F of codimension 1 of a Hamiltonian n-curve T. Here we recover the 
picture of observable functionals in the classical (quantum) field theory as smeared integrals 
over a spacelike hypersurface. 

Definition 3.6.1. A slice of codimension 1 is a submanifold S C M such that TmM/TmX' is 
smoothly oriented with respect to m and, such that for any T G S is transverse to F. 

This definition allows us to give an orientation on S nF. If S is a slice of codimension 1 and 
p is a (n — l)-form on Ai, namely p € T{A4, A'^~^T*Ai), we define the concept of functional 
fp := f'^P- This object is described as /^p : £^ — > K on the set of Hamiltonian n-curves by 
means of : 

¥p:= I p:V^ f p (3.37) 



We can integrate the (n — l)-form p on E n F. To reach the object of interest, we pass from 
those functionals to observable functionals whose form p is an algebraic observable. 

Definition 3.6.2. LetY, he a slice of codimension 1 and let be(p an algebraic observable (n — 1)- 
form. An observable functional F,^ = defined on the set of n-dimensional submanifolds £^ 
is given by the map : 




^^=L<P-{ r ^ F(F)=/ ^ (^-^^^ 



snr 



Then for any ip,rj £ *P"~^(A^) the Poisson bracket - which coincides with the standard bracket 
for field theory - between two observable functionals Jj, (p and J^. r} is defined such that V F G £^ 
we have (|3.39p . 

\! <P,I n\{^) ■■= I W^n] (3.39) 

This Poisson bracket satisfies the Jacobi identity. Let us consider (p,p,rf G ^"~^(-^)- From 
previous considerations, we know that 

{{ip,p},v} + {{P,V},^} + {{V,¥>},p} = diC^ACp^^v J ^) 



^An Hamiltonian system (7^,0,"^) is the data of a symplectic manifold (j\4,Q), together with a smooth 
Hamiltonian function T-l 
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which gives by antisymmetry : 

{<p, {p, J7} } + {r), {<p, p} } + {p, {ri, if}} = -d(^^ A A J fi). 

Therefore, restricting ourselves to the study of functional observables along Hamiltonian n-curves 
r such that dV = we have the Jacobi identity : 

Dynamical observable functionals. The question of dynamical observable functionals hold 
the key to a fully covariant theory. In the perspective of a covariant theory, we would like to 
define a bracket over two different slices So and E,. The bracket defined previously in (|3.39p 
depends on the choice of the given slice S. Given, (p,r] G we define the following 

bracket : 




(3.40) 



Therefore, we are interested in dynamical observable functionals. It is precisely for dynamical 
observables that we can construct a fully covariant bracket ()3.40p . We consider an algebraic 
observable (n — l)-form G ^""^(A^) via its related infinitesimal symplectomorphism 'E^ £ 
C^{M,TM) which is the unique vector field such that _\Q = —dep. The algebraic observable 
(n — l)-form becomes a dynamical observable if we have the additional condition : 

E^_\dn = dn{E^) = 0. (3.41) 

This condition refiects a homological feature : if F is a Hamiltonian n-curve, then this 
functional F(r) depends only on the homology class of S [25] |26j . More precisely, following 
F. Helein [20] [21] we show that this result follows from : 

Proposition 3.8. Let p G T{M, A^'^^T^M) be a dynamical (n — l)-form. Let So and S, be 

two slices such that there exists an open subset D C M which verifies dD = So — S, . We have 
the following equality : j^.^ P — /s. P- 



Time slice and Minkowski space. A slice of codimension 1 is thought to be as a slice of 
time : an hypersurface of type So = {t = Tq} where Tq is a constant. In such a context, 
we consider the spacetime manifold A^Mink = X to he the flat Minkowski space. In this case 
we denote X = M}'^ endowed with a constant metric rj^^, given in the canonical basis by 
the matrix diag(l, — 1, — 1, — 1). We denote the coordinates on AIddw by (x'^, ^4^, e, 11"^'^'^) = 
{t, , x"^ , , A^, ^,U^^''') . For any To G M, 

So := {{xf',A^,c,U'^^'') gMuuw /t = To} (3.42) 
are slices of codimension 1. The slices So are oriented by the following condition : 

^o J dt^lj.^ > (3.43) 
Notice that in such a setting we also denote x = {t,x) where x = (a;^)i<^<n_i and t = x°. 

Dynamical observable functionals for the Maxwell theory. We follow the method devel- 
oped by D.R. Harrivel [1^. Let A : T*X — )• M a smooth application and let h E M. We associate 
to {A, h) the application : X ^ M defined \/x £ X hy : 

q^ y^ix) := {x,A{x),£^ y^{x)dr) + U{x,A{x),dA{x))) ^ {x, A{x),£^ y^{x),U^^''{x)) eM 
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where U{x , A{x) , dA{x)) = U^^^dAfj, A dtj^ix, A{x),dA{x)) and the function S^y^ : X ^ R is 
defined by : 



~~Au,u-nAo(7 



£^ i^{x) : h - n{x, A{x),0, U{x, A{x),dA{x))) = h + -r/^pr/.^n^^^n^" 

The graph of the apphcation is written G[^^ y^] = [x, A{x),£^ ^{x)d\)+Il{x, A{x),dA{x))) 

Then we consider C M the image of the apphcation . Thanks to the following expres- 
sion 



on , „ on , . dn , on 



and the application of the Hamilton equations, we observe that T-L\t , is constant and equal 

A,h 

to h on the graph of an Hamiltonian function. Notice that on the graph of an Hamiltonian 
function we have for any A and a map x i— >• p{x) such that {x, A{x),dA{x))[Ii{x, A{x),p{x)) the 
following relations : 

n^^^W = g^^^{x,A{x),dA{x)) 

^ n-ln-l (3.44) 



8 A 

c{x) = h +L(x,A(x),dA(x))-5^^n^-''^(x) 

fj,=0 u=0 

equivalently : 

n^M^(x) = F^^'ix) 

t{x) = h + ^77/.pr?.aF^^(x)F^-(x) ^^-^^^ 

Now we consider a slice S of codimension 1. We can describe, following [19], slice of type S = 
(>< o vr"^) (0), where vr"^ is the natural projection vr'^ : A^Maxwdi — > ^ and where x : X — M 
is a smooth function without any critical point, such that >f"^(0) 7^ 0. 

Thanks to proposition (13.70 . the dynamical observable (n— l)-forms are described by p = px + 
Pa where px and Pa are described by relations (|3.28p . Since px = tXPdX)p — H'^'^^X^dA^ A dt) 



pv 



[ px= [ (h + ir?^,7?,.F'^-(x)F^'^(x))X^dt,A - F^'^X^^dx" A dt),. 



Since 



r)A 8A 8A 

[I] = F^'^X^-^(5-do,-5-dt)p) = F^'^X''-fdt),-F^'^X^-^dt), 

= F^'^X^^dt)^ + F^^'X'^ V^dl)^ = (F'^'XP + F^^^X^) ^dt)^ 
ax'' oxP oxP 



we obtain : 



/■ r r / 1 \ (94 (9/4 1 

/ px= h +( r?,.„r;,^F^-(x)F-''(x) + F^^)x^-^-F^^X^-^ dt)A (3.46) 



On the other side pA = (n^^'^G^ + T^'^" Ap)dX)y, so that : 



PA= I (n^''"e^+T^''M^)dt}, = /" [F^'^e^+(a^e,-5,G^)^Jdt), (3.47) 
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Now we focus on the second observable functional ()3.47p . We proceed to the integration on a 



(3.48) 



time slice So, with h = so that we consider the functional / if a '■ 

'EonrA.o 



/ ipA = I (F'^°e^ + T^-°A^)dt)o 



As noticed by J. Kijowski [S^ and J. Kijowski and W. Szczyrba [36j if we consider 6i|j, = — (5f 
and T'^o^lj, = 0. With these conditions, the observable functional (|3.48p is now denoted D'^(?) 
and is the /c-th component of the electric field E*^ smeared with the test function q. 

D'=(?) = / •?)-T^°M,)dt)o= / F^-°-^dt)o 

Ho ^Eo (349) 

E'^ • ? dt)o 

So 

On the other side, if we consider the conditions GjL =0 and T^^^^L = —e^^^'dj^ the observable 

functional ()3.48p is now denoted B'^(if) and is the k-th. component of the magnetic field B'^ 
smeared with the test function q. 

B\<;) = I (F-(-5f • - T^°M,)dt)o = -^e'^^^' / Fi,- • q dt)o (3.50) 

The objects E^(c) and B^(<f) are observable-valued distributions c G Cq°(So) — )■ E^(c),B'^(^) 
|34j [36j . From (I3.49P and (13.50p we obtain the following Poisson brackets : 

{E^(ci),E^(^2)} = {B'^(^i),B^(^2)}=0 

{B*^(^i),r(<j2)} = -e^'' I (a,<ji).j2di)o ^^-^^^ 

So that we observe a set of equal-time Poisson bracket , using observable valued distribution 
E''(x) and B^(x), see J. Kijowski and W. Szczyrba ^ [36] : 

{E^(x),r(x)} = 

{B'=(x),B*(y)} = (3.52) 

We next examine the relation with the stress energy tensor see relations ()3.54p . First 
let us focus on some preparatory work in order to grasp the relation with the energy density 
component of &^u- Let us denote : 

Vo = -5o J(r°--^(g,p)dt)) ^^•^•'^ 

Lemma 3.1. We denote dt) = dx° A • • • A dx"~^ dt}^ = 0^ J dt) and 11 = H^'^'^dA^ A dt)u- We 
have the following relation : 

n— 1 n—l 



f_i=0 u=l 
n—l n—l 



W^^^dx^ A • • • A dx"-^ A dAf, A dx'^+i • • • A dx""^ 

;i=0 i/=l 
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^ Proof. Since, do J dA^ = and do J dt)^ = 5o J J dt) = {do A d,^) J dt) = -d^, J dric 
We have : 

J n = do J U^^^dA^ A dt)u = U^^" {{do J d^^) A dt)u - dA^ A {do J dt}^)) 

= -n^-'^dA^ A (5o J d\),) = n^^'^dA^ A {d, J dt)o) 

Now dr)o = dx^ A • • • A dx"^"*^ so that we obtain : 

^oJn = n^^'^dA^A(a^ J(d3;i A---Adx"-i)) 



n^^'^dA^ A {-iy-\dx^ A • • • A dx"-^ A dx'^+l A • • • A dx"-l) 



n— 1 71—1 

= ^ ^ n^^'Mx^ A • • • A dx'^-^ A dA^ A dx'^+i A • • • A dx"-i J 

From lemma p.ip . we have the expression of Pg^ and 

Pa„ = 5o J (edt) + n^^^dA^ A dV)u) = 9o J (edt) + n) 

n— 1 n— 1 

= edt)o + X] n^^'^'dx^ A • • • A dx''-^ A dA^ A dx''^^ • • • A dx"-^ 

/i=0 u=l 

and also : 

7/„ = ^(g,p)dt)o-ao J^°°^=^((Z,p)dOo-Pao 

n— 1 n— 1 

= 'H{q,p)di)o - (edtjo + ^ ^n^^'^dx^ A • • • A dx^"^ A d^^ A dx'^+^ • • • A dx""^ 

^=0 u=l 

We consider the Hamiltonian curve T := {(x*^, ^^(x), c(x), n^'''^(x))} C A^Maxwdi and the in- 
stantaneous slices So = r n {x° = t}, so that : 

n— 1 n— 1 

n-1 



I = j n{q,p)dr)o- (edt)o + ^ ^ n^^'^dx^ A • • • A dx'^-^ A d^^ A dx^+^ • • • A dx 

„ „ n— In— 1 

= / n{q,p)d^o- edt}o + J^n^'-'dA^A (a, Jdt) 



Stress energy tensor. We recall that the canonical stress energy tensor &nu and the sym- 



metric stress-energy tensor 6^ for the electromagnetic field are described by : 



6/.. = -{F^^d,A^-]vf..F^^F^p) 



_ _ ^'^ 1 (3.54) 
Qt^u ^ + F''^dxA'' = -{Fi'^F'^x- -r]'"'F''^Fap) 

The symmetric stress-energy tensor 6^,^ is obtained by adding a term dxK^'^^ with k^'^'^ = 

e^u = + dx^'^"^ (3.55) 

The relation (I3.55P is known as the Belinfante-Rosenfeld formula [3] [41]. The canonical stress 
energy tensor associated to A : T^X — t- M is written : 

dr d A 

6^. = 5^L(x,yl(x),d^(x)) - ^(x,^(x),dA(x))^(x) (3.56) 
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8A\ f)A\ 
Hence, 6^, = 5^(-l/4F^,F^'^) - r^^^r^-'^F,,^ = 5^(-l/4F^,F"'^) - (F^"^) so that we 

find back ([331]). For example we notice the term e° = (-l/4F^i.F'''')-(F^°-^). We describe, 

see [23] the Hamiltonian counterpart of the stress-energy tensor described as the Hamiltonian 
tensor : 

dL 

S){q,p) = j;^^(g,p)5,^$dx^ with = {q,V{q,p))V^^-6'^L{q,Viq,p)) (3.57) 

Notice that if {x, A{x),dA{x),h) □ then^)^(g,p) = -6^(x) so that : 

S^'i{q,p) = K'H{q,p) - (^p,Ziiq,p) A • • • A Z^^iiq,p) A ^ A A • • • A Zn{q,p)) 



d{p, z) 



Q^v \z=Z(q,p) 

First, we are interested in the component f)°{x,A) : 

SjI{x,A) =n{q,p)-{p,^ AziA--- Azn-i) (3.58) 
Let us evaluate : {p, jfs- A A • • • A Zn-i) = {p, Z) with Z = do A zi A ■ ■ ■ A Zn-i 

ox Q Q 

= ^°°^(Z) = edt)(f) + n^'^'^d^;.Adt),(Z) 

edo(Z)°+ n^^°dl^ A dt)o(^) + n^^^dA^ A dt)i(^) + H^^'^dA^ A AX)2{Z) 
+Il^°^^dA^AdX)^{Z) 

o 

d 

= edt){do A ^2 A ^3 A ^4) + U^'^^dA^ A dt)i [Zi^di Ada A A 
+U^^^dA^ A dt)2(-^2^ai A ^2 A ^4 A ^) 
+U^^^dAf, A dt)3 {Z3^di A 92 A ^3 A ^ 



dA^' 



dA/ 

n—l n—1 

we finally find : {p,Z) = e + n^^iZ2/, + H^^^^g^ + n^^s^^^ = e + ^ ^ n^M^Q^A^ Then, 

^=0 a=l 



the expression S)l(x,A) given by p.SSp is written : 

n— 1 n—l 

^:(x, A) = n{q,p) + 



and we finally notice that if we integrate the corresponding (n — l)-forms on a slice of time 
defined by ([3^421) : 

Sjldrjo = [ Vo (3.59) 



Notice that we also recover the other component of the stress energy tensor (j3.57p via the study 
of the following terms : 

S)l{x,A) = -(p,Zo A zi A • • • A2;i_i A 9o A Zj+i A • • • A z„_i) 
Sji{x,A) = -{p,diAziA--- Azn-i) 

Sj]{x,A) = 6)n{q,p) - (j),Zo Azi A--- A Zi^i Adj A Zi+i A--- A Zn^i) 
Notice that some related work on the Noether theorem for covariant field theory is found in 
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4 Dynamical equations and canonical variables 

4.1 Graded structures and Grassman variables 

In this section, we heuristically illustrate the tension between the graded structure and the 
copolarization process. One of the fundamental interest for field theory is the search for the 
good Poisson structure. The copolarization process and the modern classification concerning 
the distinction between algebraic observable forms (AOF) and observable forms (OF) appear in 
the work of F. Helein and J. Kouneiher [25j [26J. This work emerge from the question of graded 
structure and their non-uniqueness feature when face to {p — l)-forms of various degree. Before 
give some aspect of copolarization process in (j4.4p . we emphasize this search by means of some 
remark on Graded structure, Grassman variables and superforms tool found in |23] . 

Graded structures. They appear in the traditional (DDW) setting as the algebraic structures 
related to algebraic forms of arbitrary degree. With this aim in view, we emphasize two main 
group of references. The first is found in the work of I.K. Kanatchikov |29) |30) |31j where very 
interesting ideas on the graded setting, in particular in connection with dynamical evolution for 
forms of lower degrees are developed. The second concerns the closely related work of M. Forger, 

C. Paufier and H. Romer [12] |13] |14j . The equation under consideration is _iQ = d (p 

r 

SO we say that the Hamiltonian multivector field is associated with the Hamiltonian form 

(p . Neither X^p nor (p are uniquely defined. Equivalently, the kernel of Q on multivector 
fields is non-trivial. This simple fact reflects a non unique correspondence between Hamiltonian 
multivector fields and Hamiltonian forms [12] |13| . 

In the context of (MG), we concentrate on the example of I.K. Kanatchicov bracket with 

main focus on graded antisymmetric bracket {^,q} = —{—1Y"'~^~^^^"'~^~^^{q,(p} (recall that 
we denote r = n — p and s = n — q) : 

{^,g) ^ {<^,^} = (-ir-^i^ j4 Jfi 

Notice that, as told before, have a fundamental ambiguity in the search for Poisson structure 
for forms of arbitrary degree p and q - for arbitrary Hamiltonian forms. To be more precise, the 

ambiguity lays in the choice of the objects themselves, namely in the choice of the Hamiltonian 

p <? 

multivectors fields X^ and Xg. Consider the pairing of forms and vector fields via the study of 
the equation : d(p = — J ft. Therefore, for any arbitrary degree, the topological duality is of 
uncertainty feature expressed by the use of the map : 

° ■ \ E ^ iiP{E) = H J Q 

So that, the Poisson bracket {y>, ^} is built on two non-uniquely defined prerequisites. 

Grassman variables. They appear in the BRST and BV formalisms with the use of ghosts and 
anti-ghosts. Here we feel the connection to the conceptual setting of the supersymmetric area - 
where additional virtual matter degree of freedom is find with the notion of ghost - and open the 
supersymmetric landscape [T^ Once again we observe, from the mathematical perspective the 
graded scenery and the Gerstenhaber algebra [18j. In the multisymplectic landscape, we notice 
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the use of Grassman-odd variables in the work of F. Helein and J. Kouneiher ^23j or in the one 
of S. Hrabak [27] [2H]. 

Before discuss the copolarization process, we notice the early attempt of F. Helein and J. 
Kouneiher concerning the internal, the external and the ^p-bracket - see [23]. These considera- 
tions are connected to the expression of the dynamics. Notice that we delimitate two directions 
in connection with this. The first is the relation between the dynamical equations and the exter- 
nal bracket {T-Ldi),X} [23] - see the clear relation with the dynamical evolutions equation given 
by I.K. Kanatchicov [29] [30]. The second is in [23] the introduction of Grassman extra variables 
- which makes connection with the work of S. Hrabak |27j |28j . We write dynamical equations 
under the form: 

dA = {'Hdr),A} and d7r = {^dt^,7r}, (4.1) 

where d is the differential along a graph F of a solution of the Hamilton equations. This is 
related to the definition of a Poisson bracket between T-Ldt) G T(Ai,A"'T*A4) and {p — l)-forms, 
with 1 < p < n — 1. We adopt here the terminology developed in [23] where we find the following 
different brackets : the external p-brackets, the internal p-brackets and the ^p-bracket. 

(i) Internal p-bracket. If A,/c G with the set of all algebraic observable 

(n — l)-forms, we define the internal p-bracket on : 

{A,/c} = H(k) JH(A) jn (4.2) 

The internal bracket is basically defined on algebraic (n — l)-forms. 

(it) External p-bracket. Now we extend the previous definition to the case where ip G 
T{Ai, A^T*Ai), with 1 < p < n and A G *P"~^(A^) we obtain the external p-bracket : 

{ip,X) ^ {X,ip} = -E{X) Jdip 

Notice that {¥?,A} = — {A,(/?} = H(A) J d^?. The interesting case for dynamical evolution 
is when, ip = T-ldf). Then we notice that for any A, G ^""^ have the following relation 
{ndt), A} = -H(A) JdTiA dt). 

(iit) ^p-bracket. We are first interested by the method developed in [23| for the construction 
of a bracket between (p — 1) forms for p of arbitrary degree {1 < p < n). F. Helein and J. 
Kouneiher introduced anticommuting Grassman variables Ti • • • that behave under change 
of coordinates like di ■ ■ ■ dn- In this case, an arbitrary form (p G T{A4,ApT*M) depends on 
the set of variable^ (Tq, x"^, A^, e, H'^^'"). In the work [23] Grassman variables Tq, is related to 
the notion of superform. For any A G ^o~^{-M) such that for all 1 < ai < • • • < a^-p ^ n 
we have : dx"^ A • • • A dx""-^ A A G ^^""^(A^). We define in this case the superform ^A =^ 
^ = X]ai<-<a„_ ■'"ai " " ' ''"a„_pda;"i A • • • A dx""-^ A A. We define also a ^p-bracket for ip G 
F(A^,A"r*A^)" " 

{cpfX}^ = -ECX)_id<p = - r„,---ra„_,H(dx-i A-.-Adx""-'' aA) Jd¥> 



^FoT a more detailed presentation of these Grassmannian variables Ta - and an intrinsic geometrical picture - 
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Let A be an admissible form [23|, and let F be a n-dimensional submanifold of Ad which is a 
graph over , then for any oriented C F with dim(S^) = p we have : 

{-Hdt), 'X}^= [ {ndt),X} (4.3) 

However, we do not insist on this notions of the ^p-bracket since for deeper purpose concerning 
the treatment of the dynamics, we will choose for adequate bracket a slightly different objecto. 
The philosophy which underlines the ^p-bracket is strongly connected to the one found in the 
work of S. Hrabak |27) |28| about the multisymplectic formulation of the classical BRST sym- 
metry for first order field theories^ 

4.2 Dynamical equations 

In this subsection we recover the dynamical equations with two methods. First with the tool 
of superforms and the ^p-bracket and also with external brackets : {^drijP^} and {?^dl),Q'^}. 

Superform, Grassman variables and dynamical equations. In the context of Maxwell the- 
ory, we refer to [23] for detailed calculation. The 1-form A and the Faraday {n — 2)-form ir lead 
via the use of the superform ^ A and ^tt to the following dynamical equations : 

(i) dA = {ndX),A] (ii) dTT = {^di),7r} 

(i) d^ = ^ r/^/,r?^^n^^^dx" A dx^^ (ii) dvr = J"dt)„ 

a</3 

Canonical bracket is described via the computation of the *p-bracket |*7r,^^}^. The impor- 
tant point is that the additional Grassman variables are only a tool, as in the setting of ghost 
and anti-ghost, and disappear at the end of the calculation. 

External bracket and dynamical equations. We also recover the dynamical equations using 
the following external brackets : {T^dr),?^} and {^dr),Q^}. Let us compute the bracket 
{'Hdr),?^}. By definition, 

{^dt),P4 = -H(P^) Jd^Adt) = -[<A^(:E)^-(^(x)n^--)^] JdT^Ado 

So, along the graph of a solution we have : {?^dr),P0}|p = [ — + ^^(f)^JF^'^^^dX). On the 
other side, since d(P0) = [n^'^'^^dt) + (j) f,{x)<m^^''' A dX)u\ , we obtain : 

d(P^)|j, = F^^^dt) + 0^(x)^(x)dt) = [¥^^^d,4>, + 4>,d,^^'']^^ 



The construction based on copolarization of the muhisymplectic manifold ahows us to define observable forms 
of any degree collectively. Then in the next section we find good bracket described by F. Helein and J. Kouneiher 
without this superform artifact. 

^Here lay the connection with the conceptual setting of huge domain of modern investigation of mathematical 
physics. This concerns the ghosts and the anti-ghosts in the BRST formalism developed by C. Becchi, A. Rouet, 
R. Stora, I.V. Tyutin [2] [44] and the related BV setting of I. A. Batahn and G.A. Vilkovisky [IJ. 



32 



D. Vey 



So that we finally observe the first set of dynamical evolution equations, along a graph of 
generalized Hamilton equations : 

d(p^)\^ = {mv),p^}\^ ^ a,F'^'' = J^ (4.4) 

Now we are intersted in the second bracket : 

{«dl,.Q*} = -=(Q*)jd«Ad, = -[K^M)- + V.''"(x)gjp^] jdWAd, 

So that along a graph F of a solution of the Hamilton equations we find the following relation : 
{?^dt),Q'^}|p = [{A^-^) + V^''(3;) ^^^^^ ]dl}. Whereas the expression of d(Q'^) is written : 

d{Q^) = [A^^{x)]d^ + r''{x)dA,Ad^,= [A,^{x) + r''{x)d,A^]d^ 

So that we finally observe : 

d(Q'^)lr = {^dtj,Q^}|r ^ Ff,, = d^A,-d,Af, (4.5) 
The dynamical evolution is encapsulated by the relations (14. 4p and (14. Sp : 
d(Q'^)|p = {ndt),Q^}\r 

d(p<^)|j, = {nd^,p^}\^ 

4.3 Copolarization and observables (p — l)-forms 



Copolarization. The copolarization process correspond to the collective definition of observ- 
able forms and emerges from Relativity Principle and dynamics. For details we refer to F. Helein 
and J. Kouneiher |24j |25j [26j. Here we set out some key features of the notion of copolarization. 
In particular we give the general definition : 

Definition 4.3.1. Let be a multisymplectic manifold. A copolarization on is a 

smooth vector sub-bundle PIT*M C A*T*M which satisfies : 

[i] p:t*m = el<^<n^:T*M 

[z] Locally, for any m G Ai, (P*T^A1, +, a) is a subalgebra of (A"T^A^, +, a) 
[3] Vm G M,'i(t) G k'^T^MA e ^"iT^M if and only ifiX^X £ Om, XjO = XjO^ 
cP{X) = <p(X). 

We say that a multisymplectic manifold (A^,fi) is equipped with the copolarization P*T*A1. 
The notion of copolarization intrinsically defines for any 1 < p < n the set ^{M), namely 
the set of observable {p — l)-forms </? by Vm G M,dip^ G P^T^M. We refer to [23] [M] 
[25] for the construction of the standard copolarization. The copolarization is the natural 
geometrical setting to describe the canonical forms for field theory based on potential 1-form 
canonical variables. 



In the case of Maxwell theory, the two canonical forms are the potential 1-form A = Af^dx'^ 
and its canonical form is the so-called Faraday 2-form (in the 4 dimensional case) 

IT = l/2U^^''d%, = 1/2 J2 n^^'^M J 9, J do 
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In a more general perspective - for gravitM I or non-abelian Yang-Mills theories - canonical 
forms are described by a couple The general setting allows us to construct a well-defined 

Poisson bracket between observable functionals related to the canonical forms {uj,w) : 



We give more details later about the bracket ()4.9p and the related geometrical objects S n 7^, 
S n 7<- and S n 7^ H 7^ H F, as well as the counting object 6{m). Notice that the study of 
{p — l)-forms involves analogous definitions for slices in this case. We have the following : 

Definition 4.3.2. A slice of codimension (n — p + 1) is a submanifold S C M of codimension 
{n — p + 1) such that TmM/Tm^ is smoothly oriented with regard to m and, such that for any 
r G 8^ , S is transverse to V . 

We refer to [25] [26] for the question of orientation for the intersection E n F. The straight- 
forward analogue of definition (j4.3.3p for the case of arbitrary [p — l)-forms is : 

Definition 4.3.3. LetY, he a slice of codimension {n—p+1) and let(p be an algebraic observable 
{p—l)-form. An observable functional F = J^i/? defined on the set of n- dimensional suhmanifolds 
given by the map : 



The notion of copolarization definitively emerges from the philosophy of (GR). This high- 
lights the fact that we can not evaluate d(p along a Hamiltonian n- vector X. If 1 < p < n then an 
arbitrary (p— l)-form is necessarily of maximum degree (n — 2). Indeed, the interesting question 
resides on the interpretation of the object d^?]^. This lack is supply precisely through the no- 
tion of copolarization. We construct a set of n 0-forms {Pi}i<i<n- These n 0-forms are found in 
the copolarization of the multisymplectic manifold under study These are observables 

0-forms : VI < i < n,pi £ ^i^{M). Locally we write ioi m G M Wl < i < n,dpi £ Pi„r^(A1). 
Hence, we reach the full dynamical duality : the evaluation on a Hamiltonian vector field X of 
the product: f\i<i<_n'^Pi- This evaluation f\i<^i<n^Pi{^) which only depends on dUrn which 
means that Ai<i<n ^Pi ~ "^Pi A • • • A Pn{X) is a copolar form. 

In the philosophy of (GR) once again, this is fully acceptable since we never measure an 
observable per se but only compare observable quantities between observables. Now we very 
briefly discuss the (p — l)-bracket found in [23] [24] [25] [26] via the table below. We describe an 
equivalence class of (decomposable) Hamiltonian vector flelds [-'^J^, observing that if X ~ X, 
we have for any 1 < p < n and (j) G F^T^M ,XL(/)~XL0so that we define the equivalence 
class [X] \_ (p = [X \_ (j)] £ ^TA^. We also have the notion of algebraic copolarization. This 
involves the same set of rules but with the replacement of P'^T^M by P^T^M C P'^T^M and 
where the point [3] in (|4.3.1|) is replaced by [3]o: 



[3]o Vm £ M,y^ e K^T^MA G PoT^M if and only if \/X,X G A^T^Al, X jQ = 
X Jfi ^ (piX) = <i){X). 




(4.6) 




(4.7) 



10, 



see the companion paper on Palatini Gravity [47] . 
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4.4 Copolarization and canonical variables 

We recall the result obtained by F. Helein and J. Kouneiher [23], they give a possible copo- 
larization of (A1 Maxwell, for Maxwell theory - with 0°°"* = de A dt) + dir A dA: 

pl^^_^Maxwoll ^ 

0<M<3 
0<Mi<M2<3 

p32-^_y^Maxwoll ^ ^^^1 ^ ^^M2 ;y ^ dx'^ A dA e dTT 

0<Ati<At2<M3<3 0</i<3 

p4^^^Maxwoll ^ dt)© -^J^"""^© dx^M dx^'2 A dA © dx^AdTT 



dx>^ 

0<fJ.<3 0</ii</i2<3 0<AJ<3 



(4. 



0o< <3 dA^ in piT*>l^™". However, let us consider this set of 1-forms, denoted P T*>1'^''"''"'=" 



The notion of copolarization describe the data for forms of various degrees. We can choose 
several copolarizations for a given theory. The construction of the previous copolarization (14. Sh 
allows us to construct a well-defined Poisson bracket between observable functionals related to 
the canonical forms {A, it) : 

{[ ttJ a}{T)= Y1 ®M (4.9) 
In |25j [26], it is emphasized that there is strong reasons to not include g^i j'*_^m^''"<=" = 

^<^j<3 

p"! ^Ttj^ Maxwell pl/jT*-j^ Maxwell ^ ^^1 Maxwell 

Then, we are led to think of the following smooth vector sub-bundle 

P*r*AlMaxwell = PV'^A^ C A*r'^A^ Maxwell 

l<i<4 

for candidate to describe a copolarization of (A^Maxweiu ^^°°^)- Here, 

P^/jtA:^^^ Maxwell p2^-ArJ^ Maxwell ^ ^irji-k J^MaxvjeU 2^Q^ 

with, 

j^22.*^Maxwell ^ Q ^^^1 ^A^^ dA^.AdA^, 

g.3y*^Maxwell ^ dx"' A dx"^ A dA^,, ® dx"' A dA^,, A dA^,, 

0<M1 <M2<M3<3 0<M1 <M2 <M3 <3 

0<Ml<M2<M3^3 

g.4y*^Maxwell ^ j^Ml ^ ^^3.^2 ^ J^M3 Jyl^^ dx^"' A dx"^ A dA^^ A dA^, 

0</J'l<Ai2<M3<M4^4 0<Ati</i2<M3<M4<4 

dx^i A dy4^i A dA^., A dA^^ dA^ A d-K 

0<Mi<M2<M3<3 0<M<4 
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In fact, there are several obstructions for the previous data, namely 

P r*A1 Maxwell = P T = P T Maxwell ©P T Maxwell ©P T Maxwell ©P T Al Maxwell 

l<i<4 

in order to describe a good copolarization. We focus, for a given 1 < /i < n on the following 
form = dA^ A dir. The exterior derivative dp^ is written : 



dp^ = d{dAf,Adir) = d^^^, Ad7r-d^^Ad7r = -dA^ Ad(in^''''dv) = - Jd^^, AdH^"^ Ad^ 



We see that the form p^ is not an (OF) (n - l)-form : p^, ^ fpn-i^j^^Maxweii^j ^^^^ 
not an algebraic observable (n — l)-form (AOF), p^ ^ *P"^^(A^^''''""'"). Let us consider two 
decomposable vector fields VX,X G A"rA1^"'="'°". The n- vector X G D^^AI C A"r(g_p)Al 
writes X = Xi A ... A Xn and = l...n we have 

d{q{x),p{x)) 5 , ^ 9 „ 9 , ^A^u d 



where VI < a < n, T„^'' = -Ta"'' We know from (IZTiD the expression of X J 0°°^ and 
X J 0°°^ 

= de-Tpdx^ + e,^dn^''^-T>"dA^ + (T^'''^e,^-T^'^ep,,)dx'' 

X J (1°°^ = de - Tpdx^ + e.^dU^--- - T^dA^ + {Tf^'e,^ - T^"ep^)dx'' 
so that X J 0°°"^ = X J 0°°"^ gives us the following relations : 

/ e,^ = 

1 = Tt 



(4.11) 

Given the relations gH]), we want to know if we observe dp^(X) = dp^(X) VX,X G A"rAf^""''""=". 
In the following we treat the example of copolarization for Maxwell theory. The four dimensional 
case is a straightforward application of the calculation exposed below. 

First, we focus on the 2I?-case without the imposition of Dirac constraint set (we work on 
A^"""*) as a more simple ihustration. In that case with X,X e J^'^^M^"'^ C A'^TM°°'^, 

- Y f ^ ^ (4.12) 



TTr , . ^ 9 r.A d ^ 8 - 

We denote 9^ = ^ = ^ ^ 5^ = ^e, ^ = Oa,. 



X = {di + Gi^a^- + Ti^e + rf^'dA.u) A (^2 + G2^a^'' + T2d, + Ti^'dA.u) 

= diA (52 + G2^5^'^ + T2d, + T^^^'dA^u) + Qipd^" A (^2 + G2^a^'' + T^d, + T^'^dA,.) 

+Tid, A (92 + Q2;.5^^ + r2d, + T^'"dA,u) 

+T^'"'dA,a A (92 + G2^9^'^ + Tsa,) + T^'^A,. A T^^^A,. 

(4.13) 
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Since we work on a subset of DeDonder-Weyl multisymplectic manifold, we only keep trace of 
the concerned terms : 

X = ^l^^2 + 92^31 A d^- + T2di Ad, + rf'^di a dA,. + Gi^^^^ a ^2 + 91^9^" a rf^'dA,. 

+T^d, Ad2 + rf^'dA,. A ^2 + rf^'dA.u a 92pa^'' + terms d, A dA,, and Ba,. A Ba,. 

Then we expand the indices : 

X = diAd2 + e2idi A + 922^1 A d^^ + 9ii9^i A 92 + Qud^^ Ad2 + Ta^i Ad, + Tid, A 82 
+T^'^di A dA,i + T^'^di A dA,2 + T^'^di A Ba,! + T^'^di A dA,2 
+9iia^i A (T^ii^Aii + T^'^dA,2 + T^''dA,i + T^'^dA,2) 
+@i2d^' A (T^ii^Aii + r^'^dA,2 + T^''dA,i + r^'^dA,2) 

+T^'^dA,l A 82 + Tf'^dA,2 A 82 + Tf^'dA.l A 82 + T^'^dA,2 A 82 

+ {Tf''dA,i + r^''dA,2 + Tf^'dA.i + T^''dA,2) A 92ia^i 

+ {Tf''dA,l + r^''dA,2 + Tf^'dA.l + r^''dA,2) A 9229^^ 

+ terms involving A Ba^u and Sa^v A dApa 

Therefore we exphcitly have the following calculation : 

X J = X J (de A dx^ A dx^ + dU^^" A dAi A dt)^ + dU^^" A dA2 A dt)^) 

= X J (de A dx^ A dx^) + X J {dU^^^ A dAi A dt)i + dH^^i ^ A di)i) 

+x J (dn^i2 ^ ^ ^ ^pjA22 ^ ^ 

= X J (de A dt)) + X J (dn^i^ A d.4i A dx^ - dH^^^ ^ ^ ^^1^ 
+X J (dn^^i ^ A dx^ - dn^22 ^ ^ ^^1^ 

So that : 

= di)(X)de- (de Adt)i)(X)dx^ - (de Adt)2)(X)dx^ 

+(d^i A dx^){X)dU^'^ - (dn^ii A dx=^)(X)dAi + (dn^i^ A dAi){X)dx^ 

-{dAi A dx^)(x)dn^i2 + (dn^i2 A dxi)(x)dAi - (dn^i2 ^ dAi)(x)dxi 

+(d^2 A dx^)(X)dn^2i _ (dn^2i A dx2)(X)dA2 + (dn^^i a dAaiixjdx^ 

-(d^2 A dx^)(X)dn^22 ^ (dn^22 ^ (ix^)(X)dA2 - (dn^22 ^ ^A2){X)dx^ 

= de - Tidx^ - Tzdx^ + 9iidn^i^ + 92idn^i2 ^ Q^^du^2i ^ Q^^(iiiA22 
-(Tfi^ + Tp^)dAi - (Tf^i + T^22^^^^ 
-{T^'^e2i + T^^^^922 - 9iiT^i2 - 9i2T^22^^^i 
-(T^i^9ii + T^2^9i2 - rf'^Q2i - T^^2i922)dx2 

Then, the relations (|4.11l) are written : 



en 


= Bn 


9i2 


= 612 


921 


= 621 


622 


= 922 



'Y'Ai 2 



'^^2! ^A22 



y^Ail .y^Ai2 
J-1 + ^2 

7=^A2l 7=^A2 2 
^1 + ^2 



(4.14) 



and 



X J n°°-|^^, =XJ and X J 0°°"'|d,,2 = ^ J i^°°"ldx2 (4-15) 

with, 

X J = -Ti + {rf^^@2i + rf'^&22 - 9iiT^i2 _ Q^^T^22^^ 

XJQ°°*|^^2 = -T2 + (T^i^9ii + T^2i9i2 - T^^ii92i - Tf^i922) 
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Xjfi^^^l^^, = -T2 + (T^^'en + T^^'ei2-T^'e2i-Tf'e22) 

We write the previous conditions in matrix notations, we denote 

e = e.„ = f?" ande = e. ^ 



'-^ I ei2 622 ; V 012 022 

Let us denote for 1 < /i < 2 

Y[^m] = x^"*" = ^1^"^ ^2^"^ ^ and t'^"^ = T^"'' = i ^^"^ ^^^""^ ^ 

\J^l ^2 J V^l ^2/ 

SO that TJ^'''^ = T^'''^ is written in matrix notation for 1 < // < 2 : 

Hence relations (j4.14p are written : 

e = e and tr(T[^'']) = tr(T'^'^') (4.16) 

Finally we focus on the last remaining relation (j4.15p Let us denote for 1 < /i < 2 

= = { \ and Xt^l = T^'^'t^l - ^ ^^'"^ ^^'"^ ^ 



Since, 

-T^i^e2i + T^i^eii -T^i^G22 + T^^^ei2 

-T^^^<d2i + T^^^eii -Tf2^G22 + T^'^ei2 

-Tf 2G2i + T^^^Gii -T^^^'G22 + T^^'Gi2 

-Tf ^2G2i + T^^'Gii -Tf 2022 + T^''Gi2 



yAil 

Y^2l 




( -021 

V 011 


-G22 

012 


-^^22 


^M2 j 


( -021 

V 011 


-G22 
G12 



the relations (I4.15P are written, with Tj^j ~ ( T ) ^'^^ ^ 



\ , „ / -G21 -G22 

Gil G12 



tr(T[i]+TWE) = tr(T[i] +t'^'e) 
tr(T[2] +TP1E) = tr(T[2] +t'''s) 



(4.17) 



Now, we evaluate dp^{X) = -l/2dA^ A dH^"^ A dv(X) = l/2dn^''^ A dA^ A dt)p^(X). We 
obtain via a straightforward calculation : 

dp^ = l/2dn^i2 A dA^ A dt)i2 + l/2dn^2i ;y dr)2i - l/2dn^i2 A dA^ + l/2dn^2i ^ ^^^^ 

or equivalently, 



Then, 



dpi = -l/2m^^^ ^dAl + l/2dIl^■'^ ^AAl 

dp2 = - 1 /2dn^i ^dA2 + l /2dn^2 1 ^ ^^^^ 



dpi(X) = T^i20^^ _yAi20^^ _^A2lQ^^^^A2l0^^ 
dp2(^) = T^i20^^_yAi20^^_^A2l0^^^^A2l0^^ 



(4.18) 



(4.19) 
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We clearly now see that the information contained in the comparison of the contraction of two 
vector fields X,X e D;^A<°°^ C A^TM'^'^* with the multisymplectic form - that is 

X J = X J - equivalent to 

e = e 

tr(T[i]+TWs) = tr(T;i]+T''ls) ^^'^^^ 
tr(T[2]+TP]E) = tr(T[2]+T''^E), 

is not sufficient to conclude that dpi{X) = dpi{X) or dp2{X) = dp2{X). This is just an 
introductive work. In the case of Maxwell theory, we consider the antisymmetry of multimomenta 
due to the Dirac primary constraint set. In that case we prefer to consider the following vector 
fields X,X e D;^jM^"™"" C A"TA^^"™"". We denote 

SO that X = Xi A X2 G D^^A^^'^""^" C A"TM^"™^" is written : 

X = {di + Qi^d^^ + Ti^e + rf'-" {dA,u - ^A.^.) ) A (^2 + 62^9^'' + T2Se + T^" {dA,. - S^.^) ) 

= diA {d2 + 62^9^" + T2a, + T^^" {dA,u - Ba,.^) ) 

+61,9^" A (^2 + 62^9^- + T2d, + T^"(aA,. - dA^^)) 
+rid, A (^2 + e2f,d'^^ + ^28, + T^^'idA^u - dA^,)) 

+Tf'"'{dA,a - Oa^p) a (^2 + 021,8^'^ + T2d,) + T^''' {dA,a " Qa^p) A T^-"(d^^, - 5^.^) 

(4.22) 

Since we work on a subset of DeDonder-Weyl multisymplectic manifold, we only keep trace of 
the concerned terms: 

X = ai A ^2 + e2^ai a a^^ + 1:281 Ad, + r^^'di a {dA,. - a^.^) 

+61^5^'^ A ^2 + eip^^" A T^^^'idA,. - dA^p) 

+Tid, Ad2 + rf'^idA,. - Ba^^) a 82 + rf^'idA.u - dA^t.) A Q2pd^'' 
+ terms involving A Ba^u and Ba^u A dApa 

Then we expand the indices : 

X = diAd2 + 621 9i A + 622^1 A + X25i Ad, + Tid, A 82 + en8^' A 82 + 0^8^^ A 82 

+T^'^8i A {dA,2 - dA,l) + it'^di A {dA,l - dA,2) 

+ {eud^'+ei28^')AT^'\dA,2-dA,l) + {Qu8^'+@128^') AT^'\dA,l-dA,2) 

+r'^'^{dA,2 - dA,i) A 82 + rf'\dA,i - dA,2) A 82 

+lt {BA,2-dMl) A {@2l8^' + 6225^^) + Tt'\QA,l-dA,2) A (6215^1 + 6229^^) 
+ terms involving de A Ba^v and Ba^v A dApa 

Therefore we explicitly have the following calculation : 

X J = X J (de A dx^ A d.x2 + dn^i'^ A dAi A dt)^ + dU.^^" A dA2 A dt)^) 

= X J (de A dx^ A dx^) + X J (dn^^^ A d^i A dt)i + dH^^i ^ ^j^^ ^ ^^jj^-j 

+x J (dn^i2 ^ ^ ^ ^nA22 ^ ^ j 

= X J (de A dt)) + X J (-dn^i2 ^ ^ ^^1 ^ ^jjA2i ^ ^ ^^2^ 
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Since, H^^^ = n^22 ^ g 

= dr)(X)de- (de Adt)i)(X)dxi - (de Adt)2)(X)dx2 

-(dvii A dx^){x)du^^^ + (dn^i2 ^ dxi)(x)dAi - (dn^i2 ^ dAi)(x)dx^ 

+(d^2 A dx^){X)dU^^^ - (dn^2i da;2)(X)dA2 + (dn^^^ A d^aii^idx^ 
= de - (de A dx^)(X)dx^ + (de A dx^){X)dx'^ 

+e2idn^^2 ^ (^A^i _ x^i2^d^i - (dn^i2 ^ dAi)(x)dx^ 
+ei2dn^2i ^ (yAi2 _ x^2i)d^2 + (dn^2^ a dA2){x)dx^ 

X J = de - Tidx^ - T2dx2 + G2idn^i2 j_ (^jMi _ r^i^^dA^ - {dU^'^ A dAi){X)dx^ 

+ei2dn^2i ^ (^Y^i2 _ Tf2i)dA2 + (dn^^i ^ d^2)(^)dx2 

= de - Tidx^ - T2dx2 + G2idn^i2 ^ e^2dn^2i 

2 



^211 

+(T^2i _ T^i2)dAi + (Tfi2 - Tf^^)dA2 



12) 



Then, the relations X J fi 



(e22Tf 2 _ 022X^^21)^ dx2 

X J 0°°"^ are written : 



ei2 

921 



612 
621 



2 

2 



■^A2l ■^Ai2 
^2 ~ ^2 



^Ai2 



T 



A2I 



and 



((T^^26i2 - T^^^6i2) - (622Tfi2 _ 622X^2^)) 
((T^^e^i - Tf^iesi) - (6iiT^^i - GiiT^i^)) 



((T^'ei2-T^^'ei2) 

((T^'e2i-Tf'G2i) 



(4.23) 



(e22T^' - G22T^')) 

(eiiT^^'-eiiT^^')) 



Here we set Tf 



[1] 





-Ti 



[2] 





-T2 



result. We also introduce the following matrix notation : 

Q Maxwell 

'Y^Maxwcll /'Y*^/^'^'\ 



e Maxwell 





612 



■,Api,V\ Maxwell 
[P] 



621 



-pAi2 
P 






P 



(4.24) 

since it do not disturb the general 

(4.25) 



and 



xjrM axwell 

T 



e 



/mtA^I/n A/Iaxwcll 






p 



^Afj^U\ Maxwcllx 
[P] > ' 



. / /l^Ay,U\Ms.yivja\\\ 



so that the relation (j4.23p and (j4.24p are written : 

QMaxwell ^ QMaxwcll tr((Tj^J' 

Thanks to (I4.18p . we have the expression of dpi{X) and dp2(^) 
dpi (X) = T^^'^Qii - T^^^Qii - T^^'^@2i + Tf^2^G2i + T^^'^Qu 



(4.26) 



(4.27) 



Tfi2022 



12 + Tf^"'^022 



2(T^i2 _ x^2i)eii + 2(T^^2i _ 12)02^ 



dPi(X) 

dp2(^) = -2(Tf^i2 _ Y^2i)022 _ 2(T^2i _ Y^i2)0^^ 

Once again, this is not sufficient to conclude that dpi{X) = dpi{X) or dp2(^) 
we dot not have the information Q^^, = for (/i, v) = (1, 1) or (^, v) = (2, 2) 



(4.28) 
dp2(-'^) since 
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5 Lepage- Dedecker for two dimensional Maxwell theory 

5.1 Lepage- Dedecker correspondence 



Now we perform a Lepage-Dedecker correspondence for the Maxwell 2D theory. In this 
section as opposed to the next one (j5.4p . we work with indices notation, in particular with the 
tedious but straightforward computation of the Hamiltonian. It is just to emphasize the huge 
amount of calculations for (LD) theories - even in a simple case n = 2 for the simple setting 
of the Maxwell theory. We refer to H.A. Katstrup |32j or F. Helein and J. Kouneiher [25] [26] 
for some aspect of the two dimensional Lepage-Dedecker Maxwell theory. First we express the 
Lagrangian density L{x,A,dA) = —^rj^^rj'^^Ff^^Fxf^ so that : 



L{A) 

then, the Lagrangian is written : 



L{x,A,dA) = \{8iA2-d2Ai){diA2-82A^) = UidiA^f + (IhA^f ) - (diA2){d2Ai) 



Now we construct a non degenerate Legendre transform in the 2D case via the following Poincare- 

Cartan IoTY^ ^Lepage-Dedeckc. ^ q[AM ^ 



^tlp) '■= + TT^^'^dA^ A d\)u + <;dAi A d^2 



and the related Multisymplectic 3 form : 

:= de A dt} + dTT^"" A d^^ A dV)^ d? A d^i A d^2 
Then, we concentrate on the expression of {p, v) 



(5.1) 
(5.2) 



{p,v) = e[l^^{Z) = cdr){Z) + vr^^-^dA^ A dt),{Z) + ?d^i A dA2{Z) 
We demonstrate by direct calculation that : 

{p,v) = ^['' ^(2) = TT^^'d.A^ + 2c;{ZuZ22 - Z12Z21) 



^ Proof Since 
Z = Z\ f\Z-i Then we write it as : 

d d 



(5.3) 



+ Z^^g^, we have : Zi = di+ Z\^^^ -gj- — and ^2 = 92 + -Z2M2 aX — ^'^^^ compute 



2= E ^'2' 

Ml <M2 



A 



M1<M2 



Z = Zll diAd2 + Z}^^ diA ^ 



^12 lyi / \ L/2 T- ^12 

With, the different terms 



5.12 
^12 



^12 





z^ 



^12 



1 

z^^ 



^2 



_ 5'M2 

— ^2 



Z^' 


^2 


z^^ 


^^2 
^2 




d 


dA^, 


1 

2 7M2 
^2 




^12 — 



d d 

A 



I '7M1M2 



d d 

A 



dA, 



(5.4) 



^2 



^^We use here the following notation ^[^ means we specify the canonical Poincare-Cartan form for Maxwell 
theory in the 2 dimensional case and taking into account forms that involves 2 fields, (namely forms of the type 
?d^i A dA2) Following this logic we write the previous canonical form as 0^^^ := ^[^p)' 
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We make the following calculation 



-)+<;dA^AdA2{Z^r'T^J 



d d 

A 



9A„ 



[I] [III 
The first term in the last equation is given by : 

[I] = ^TT-^f "d^p A dl}42) = tt-^iMAi a dX)i{Z) + TT-^i^d^i A dl}2(-Z) + TT^'MAa A dt)i(2) + Tr-^^^dAa A dl)2 
= TT-'^iM^i A da;2(2it'a2 A -|-) - vr-^i'dyli A d2:^(2^2^^ai A -|-) + tt-^^MAs A Ax''{Zl!^^d2 A -|-) 



dA^ 



_ 

Whereas the second term is given by : 
[II] = ?dAi A dA2(;2) = ?dyli A dAiiZ'l^''^ - 

= 1," (^11 ^22 — -212^21 ) 

Since 



^ A ttI- ) = ?d^i a dA2 ( I -22"' - -22' 



dA 



d d 

A 



dA, 



2<;e'^'' Zn^Z2^] = <;e^''2i;j22i^ — ^11^^2,1 = ?(^ii222 — ^12^21) — ^(^12^21 — ^11222) = 2<;(2ii222 — ^i2-Z2i) 

we write the term [II] = ?e'^'^2i[p22i/] J 

Then we have the expression of {p, v) 

{p, v) = TT^'^Zu + 7r^l2^21 + TT^'^Zu + TT^'^ Z22 + ?(^11^22 " ^12^2l) 



We can equivalently write in more contracted notation: {p, v) 
qt>^'^ Zi\^^Z2y]. With the notation Z^^ = d^A^j^, we write : 



vr 



(5.5) 

duAi, + 



(p, t;) = e[l^^{Z) = TT^^-'d^A, + ,e^^-diA^^d2A,^ 

Let us denote : 

.[2] _ d{p,v) 



we work in coordinate expression so that we use the expression (|5.5|) : 

e\}dZ) = 7:^^^diAi + TT^i^^a^i + TT^^'SiAa + ^^^^^2^2 + ^(ai^iSaAa - 5i .4292^1) 



(5.6) 



Hence, we 


find the relations 


(1521) (, 


)• 








+ ^52^2 




l^^v\^=l,v=2 — 


^^21 


- ^d2Ai 


(i) < 






- ?9iA2 






^^22 


+ ^diAi 



(ii) 



/' \ I 

^^v\^=l,u=2 
^liu\^=2,v=l 
^ljLu\^i=2,u=2 





diA2 - d2Ai 
d2Ai - diA2 




(5.7) 



On the other side, we denote dL/d{df^Ay) = A^^. We use the coordinate expression of -L(x, A, dA) 
and we obtain (j5.7p (ii). The condition for the Legendre transform is : 

dL d(j), v) 

WiM " d(d^A,) 

We obtain ()5.8p (t) and, choosing to work in the case ? = 1, we then obtain the relations ()5.8p (it) 



(i) 





diA2 - d2Ai 
d2Ai - diA2 




^A2l 

^^^^-<,d^A2 



(ii) 





= -d2A2 


^A2l 


= diA2 


^A,2 


= d2Ai 


^A22 


= -diA^ 



(5.8) 
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The generalized Legendre correspondence is non degenerate. It is always possible to invert the 
multimomenta from multivelocities. Now, we give the expression of the Hamiltonian function. 
From (K8\\(\) 



92^1 

diA2 



{,{2 - + {I 



A2l\ 



A,2\ 



(5.9) 



^ Proof Let us explicits the second line in (|5.9p . from the second line in (|5.8p we find : 

diAi^n-^^^ + {!-<;) diAi 
The third hne of (|5.8|l writes : 

We insert (f5TTU|l in (fSTTTj) so that : 

diAi = TT-'^i" + (1 - ?) (tt-*^^ + (1 - <;)d2A,) 

c'2^i?(2 — <;) = tt'*^^ + (l — <;)7r'*^^An analogous process holds also for the other relation. 



(5.10) 
(5.11) 



5.2 Calculation of the Hamiltonian 

We are interested in the expression of the Hamiltonian : 



(5.12) 



where 6 



i^q^p){Z) = ki H h ke and -L = ky + kg + kg with 



ki 
k2 
k3 
k4 
ks 
kfi 



^^'^d2A2 
?(9lAi92^2 

-c;diA2d2Ai 



k7 
kg 
kg 



-l/2(ai^2)' 

-1/2(^2^1)' 
(91^2) (52^l) 



^ Let us examine each of these terms. We denote by c = l/<;(2 — ?). The terms ki-k4 correspond to the terms 



(DDW) 
(<1,V) 



ki = -(c )iT"^'n 



ka 

ka = C7r""*"[7r 
k4 = -(<;~^)7r 



1\ All A22 

Ai2 r Ai2 
[TV 

-421 [.^-421 



+ 1-? TT 



-4211 



(5.13) 



Also the two terms which are related to the Lepage-Dedecker part. 



k5 = 



And finally, the three terms which come from the Lagrangian density 

kr = -(l/2)c2[7r^^^ + (l-,)7r^i^][^-"^^ + (l-<;>-"i^] 
ks = -(l/2)c^[7r^^^ + (l-<;)7r-*^^][^-"i^ + (l-^)^-"^^] 
kg = c'[^-"^^ + (l-,)^^i^][^-"iV(l-?)^-"^^] 



(5.14) 



(5.15) 
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Let us consider the equations ki , k4 and ks in (|5.13p . We denote by (i) = ki + k4 + ks so that 

(i) = -(r^V^^'^^^^ 
We denote (ii) = k2 + ka so that 

(ti) + ^^1^(1 - <;)^^^^ + V^^i + -^^^^ (1 - 

It remains the following equations kg-kg We have respectively : 

= [ - [(1 + (1 - ?)')^^^ + - + (!-?) [^^^^] '1 

= [ - [(2(1 - + e)^^-\^'^ + [iT^-^] ^ (1 - ,) + (1 - ?) [^^^'] 1 

The second and the third give 

k7 = [-(l/2)c^][[^^^^]V(l-<;)'[^-*^'l' + 2^^^^(l-c)^^i2] 
ks = [-(l/2)c^][[^^i^] + (!-,)' [^^^T + 2^^^'(l-^)^^''] 

Now, we denote (iii) = ke + kg so that 

(tit) = (1 - <;)e [(2(1 - ,) + + [^^-'] \l -,) + {!-,) [^^1^] 

and finally we denote (to) = k? + ks, then 



l-<;)'[^^i^]' + 2^^^^(l-?)^^i2+[^^i2]' + (l-?)'[^^^^]' + 2^^i2(l-<;)^^^^] 



(i«)^4c^[ 

Finally we compute (ii) + (iii) + (io). We introduce the following notations 



00 At 2 At 2 

TT = n n = \iv 



A, 21 2 



o« Ai2 Aol 

TT = TT TT 



— o« All A22 

TT = TT TT 



So that the equations (fSTT)) (15?^ and (fST^ are written (fST^ (ii)-(io) 
(ii) = c[^°° + 2(l-<;)^°*+^"^ 

')^°*+^"(l-?) + (l-< 

fl 



TV = TV ^ TV ^ = \JV 



(iii) = (l-?)[c]^[(2(l-?) + ?')^°*+^"(l-?) + (l-?)^°°] 

_ _r, r , . O 



(iD) 



<,-)V- + 2(l-c)^° 



l/2[c]2 [tv" + (1 - <;)\°° + 2(1 - ,)n°' + n 

where we have denoted c ~ [<i{'2 — <,)] ^ So that (I5.23|l -(ii) is written : 

(ii) = [<;f [n°° + (2 - 2^)n°' + n"] , (2 - ^) = [<:f [n°° + 2n°' - 2<;n°' + n"] (2? - ^) 
If we denote $ — (2?^ (2 — ?)^) ^, we obtain : 

(tt) = 2$l27r — TT <; + in c; — 2tv <; — An <;+27r <;+27r ? — tt <; 
The equation (|5.23p -fiii) is written : 

"(2(1 - <;) + ^)n°' + n" (l - c) + (l - ^)n' 

(^ZTT — Z^TV + ? TT + TT — '^TT 



(5.16) 
(5.17) 

(5.18) 

(5.19) 

(5.20) 
(5.21) 
(5.22) 

(5.23) 



(iii) = 2#(1 - <;) 
= 2$(1 - ?) ^ 

= 2$ [27r°* 2?7r°* + <;'7r°* + tt" - STr" + 7r°° - <; 

, n 2 o» 3 o» , 2 •• 00 , 2 00 



~ 2-n ? 



and finally (|5.23p -(ip) is written 



(if) 



"^•• + (i-<,-)V* + 



2tv — 2(;7r + ^ tt + ztt — 2<?7r + ^ 



l-c)V° + ^°°+4(l-?)^°*] 



2 00 I . o 
TT + 47r 



= 
= 

We now writes H = {\) + (ii) + (iii) + (io) 

1 47r ? — 27r ? + Stt ? — 47r ? — Stt <; + 47r <; + 47r ? — 27r ? + 47r — 4?7r + 2<; tt 

• I J 2 0« n 3 0» r» •• , n 2 •• r» OO , r» 2 OO 

- — - — ' — ' - 2^ TT 



(i) + $ [4 



+27r" 2<,-7r" + 2-k°° - 2?7r°° - 47r°*? + 4?" 

2 oo J o« . J 

TT — Atv + 4(;7r 



TT — it; TT — 2'^"7r + 2(^" TT — 2<:,TV 



— iTT + Z^TV — q TV — 2tv + I^TV — q 

~ ' 27r <; — <; TT + 27r — dtt <; + 47r ^ + (ij 



n oo 2 oo . I 

■(2 - ?)^°°? + (2 - <;)n-\ + 2^(? - 3)^°* + 4^°\] + (i) 
■(2-c)?[7r°°+^"] +2?2(?-3)^°* + 4^°\] +(i) J 
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We finally obtain the expression of the Hamiltonian : 

- 3) .o. 



l-o. , 1 1 



vr + vr 



+ 



vr + 



r27r° 



(5.24) 



If we use the transform with q = 1 then ()5.24l) (ii) gives the following Hamiltonian : 



?^ = -7f°' + -(7r°° + 7r") 



(5.25) 



^ Proof. We compute in coordinate the straightforward calculation : 

H = 7r-^^''a.yi^ + ?[^ii^22-^i2^2i] -i(aiA2)'-i(a2^i)' + (aiyi2)(a2^i) 

All A22 , 1/ A2l\2 , 1/ Ai2\2 

And the Hamiltonian (j5.25p agrees with the general case ()5.24p . 



, Ai2 A9I 
+ TV TV - 



5.3 Equations of movement 



Now let us derive the generalized Hamilton equations. The general form of a vector field is 
given : 

leads us to X = Xi A X2 

^ d n ^ d ^ d ^ d ^ d ^ d ^A„i/ d 

A a. + t4 A e. « + t4 A t4 + A 
+Tf-^ A + Tf-^ A e.„j^ + Tf-^ A t4 

We compute the first part of generalized Hamilton equations, namely X J Q^^^ 

X J = X J (^de A dt} + dvr^"'' A dA^, A dt);, + d? A d^i A dA2 

= de - (de A dt)^)(X)dx'^ + (d^^ A dt)^)(X)d7r^^'^ - (dTr^"'^ A dt)^)(X)dA/, 
+ (d7r^''^ A d^^ A dt)p^)dx'' + (d^i A dt)2)(X)d? 
-(d? A d^2)(X)dAi + (dc^ A dAi)dA2 

And, in this case, since d? = the multisymplectic form is written Jl'^^ | = de A dt) + dn^'^'^ A 
dA^ A dt)^. So that X J J^'^^ 1^^^ is given by : 

X J = de - (de A dt)f,){X)dx^' + (d^^ A dt)^)(X)d7r^^^ - (dvr^^'^ A dt}^)(X)d^/, 

+ (d7r^^'' A dA^ A dt)pt.)dx'' 
= de - Tpdxf + e.^dvr^"'^ - T^dA^ + (T^^'^G,^ - T^'^ep^)dx'' 
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we only keep the interesting part on the decompositions along dvr'^^'^ and dA^ - 

f e^f^dTT^-" = dn f (i) ei^dTT^"! + ea^^dTr^^^ ^ 

\ -ry = \ (ii) - = ^^-^^^ 

With d^l^^^ = -7f°' + l/2(7r°° + tt") = -ir^^^d-K^^^ - n^^^dTT^^^ + TT^^^dTr^^^ + Tr^^^dTT^^"^. 
Finally we obtain from (|5.26p (i) the Legendre transform given by : 

diAi = -7r^22 Q^j^^ ^ ^^^^ ^ ^A2i Q^^^ ^ ^Ai2 ^5 27) 

Whereas from ()5.26p (it) we obtain the Maxwell equations : 

^^'K^-^' = (5.28) 

5.4 Grassmanian viewpoint and pseudofibers 

Enlarged pseudofibers - Pseudofibers. We introduce the following fundamental objects : 
the enlarged pseudofiher and the pseudofiber. Following |24j |25j |26j the enlarged pseudofiber is 
defined to be : 

P,(z) = {pe A"t;3 / = o} (5.29) 

The enlarged pseudofiber is understood as the space of n- forms Pqiz) C A"T*3 such that the 
generalized Legendre correspondence is satisfied : {q,z) □ {q,p). We refer to [23j [24J [25j for 
further details. The key point is that Pg(z) is an affine subspace of A"r*3 with dim(Pg(z)) = 

^"^nikl' Finally, for a given (q, z) G we can find at the same time an element p G 'Pq{z) 

and choose the value of l-L{q-,p)- Therefore, we find the definition of the pseudofiher to be the 
space defined by (j5.30p : 

P^(z) = {pEP,(z)/?^(g,p) = /i}. (5.30) 

Notice that dim(P^(z)) = dim(Pq(z)) — 1 and that 'Pq{z) and 'P^{z) are affine subspaces parallel 
to [r2Dg''3]^ and [T^Dp]^ where the spaces [T^Dq''3]^, [T^D^]^ C A"T*3 are respectively 
defined by (fOT]) : 



[r,D^^3]^ = |p G a"t;3 / ve e t,d^''3 , p{i) = 0} 
[r,D-3]^ = {p G a"t;3 / ve G T,D-3 , p(0 = 0} 



(5.31) 



In the general case we have the following dimension for the involved spaces : Gr"3; A"r*3) 
r*3) Dg''3 and of the enlarged pseudofiber 'Pq{z) and the pseudofiber Pg(z). 



dim[Gr"3] = n + k + nk 
dim[A"r^3] =n + k + 

as well as : 

dim(P,(.)) = ^^^-nfc 
dim(P^(z)) = dim"(Pg(z)) - 1 



dim[D;j''3] = nk 

dim[A"r;31 = 
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Grassmanian viewpoint for 2D-Maxwell theory. In this section we follow the method de- 
veloped by F. Helein and J. Kouneiher [2D] [21] [23] [2B] for the general study of variational 
problem on maps. In the case of Maxwell theory, we understand the problem via the study of 
the map A : T*X M. Here the multisymplectic manifold is M = A^T*{T*X) = h?T*'i. We 
picture a map by its graph G a 2-dimensional submanifold of T*X. Now we consider a point 
(x, A) ^ G C T*X . At (x, A), we consider the tangent plane to the graph G, which is described 
by vectors Xi = £^ + vi^^^ and X2 = ^ + t^a^M;- 

The set of local coordinates on Gr^(T*A') is described by {x^^ , Ay,v^y) whereas the set of 
local coordinates on 3 = T*X is (x'^, A^). A basis B = B[h?T^^ ^^3] of the 6-dimensional space 

B 



<li,v<2 



jdx^ ^dx^,dAy Adx^,dyli AdAaj^ 
= jdx^ Adx^,dAi Adx^dAi Adx^,d^2 A dx\ d^2 Ada;^,dAi Ad^a} 

For the Maxwell 2D theory we have also the involved dimension for the key spaces of the 
multisymplectic Grassmanian construction : 



dim[Gr"3] = 8 
dim[A"r*3] = 10 



dim[D;;*'3] = 6 
dim[A"r;3] = 4 



dim(P,(z)) = 2 
dim(P,^(z)) = 1 



Any form p G hP'T^ .3 can be identified with the coordinates (e, vr'^'''^, ?) such that : 



p = edt) + epy-K^t'PdA^ A dx" + qdAi A d^2 



Since, ep^dx" = dt}p, we observe epi,7r^''^d^^ A dx" = -epuir^^^dx" A dAp = vr^^^d^^ A dtip. 
A tangent space is identified with coordinates on the Grassman bundle t = (vp,^) G Gr^^. ^■)3- 
We describe the pairing (t,p) = p{Xi,X2). Let notice that {Xp} ^^^^^ describes a basis of the 
tangent space t. We have : 



(t,p) = tdx^ Adx\Xi,X2) + ep^TT^^PdApAdx''iXi,X2) + ^dAiAdA2iXi,X2) 

= e + TT^'^'-'Vpu + ?(l^lll^22 - 'yi2?^2l) 

and we define the function : 

W(x,At,p) = (t,p)-L(x,At) (5.32) 

Notice that the Lagrangian density L{x, A, t) is identified with a function on Gr^^ ^^3- When t 
is in correspondence with p - denoted t □ p - if and only if 

aW/at(x, A,t,p) = (5.33) 

Now we are looking for the enlarged pseudofiber Fg{z) and the pseudofiber P^{z). With this 
aim in mind, a parametrization of {z G D^^ (T*X) I dl)(z) > 0} is described via coordinates 
i^.Vpy) with : 

z = t-d, A d2 + te^^vpp^^ A — + {v,,V22 - -12-21)^ A ^ 
Elements 5z G TzY)^{T* X) are described by coordinates 5t and 5vpp 
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We also consider the parametrization {z'"' G D|'^^^(T*A') / dt){z) = l} in such a context, z is 



written : 



Ml', 



d 



A 



9 



d 



+ {VUV22 - t'l2t'2l)7r-r A 



d 



dAi dA2 



Now we consider dz"'^ G T.Bf^iT^X) : 



d d . 



Then, we describe the space [T^Dp]^ = {p G A"T*3 / V(^z e T^Dp , p((5z) = o}. So that : 
p G (r^Dg^(3))^ is equivalent to V(5z G T,D^(T*A') , p(5z) = ((5z, p) = with. 



('^^z,p) 



(5.34) 



On the other side, 

[T.D^'^O)]^ = [T,Tif{T*X)\^ = {p G A"r;3 / VJz'^" G T,Tif{T'X) , p(5z<^'') = o} 

gives 

d d d d 

(5.35) 



A 



The Legendre correspondence related to the system ()5.8p (i) is characterized by the functional 
determinant F32] 1251 [2H] : 



ddpA„ 



we have therefore the following terms 



dT:^^^/d{diA{) 
avr^i 79(^1 A2) 
a7r^iVa(52Ai) 
Svr^i 75(^2^2) 

57r^2V5(5iAi) 
57r^2V5(5iA2) 
a7r^2V5(52Ai) 
57r^2V5(52A2) 



dT:^''^/d{diAi) = 

a7r^2i/5(5^^2) = 1 

dTT^^^/d{d2Ai) = -(1-0 

071^275(^2^2) = 

57r^i7a(5iAi) = 

dT:^^''/d{diA2) = -(!-?) 

57r^i7a(52Ai) = 1 

dTT^^^/d{d2A2) = 



Then, we have : 




1 
-(1-0 


-?2(i _ (1 _ <^)^) = c^\i -{i+e- 2?)) = + 2?=^ = (2 - 





-(1-0 

1 





1 -(1-0 
-(1-0 1 





1 -(1-0 
-(1-0 1 
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Finally, 



A = I A;^^ I / if and only if |? / 0, 2} 



If we generally denote Vg G 3 the object Vq = UzeD^S "^^^ Maxwell 2D 

theory. 



Vq = {(e,v^^-^OGA'7^(U)3/?/0,2} 

u| (e, 7^^''^ 0) G A2r(;^^)3 / vr^^^ = vr^^^ = 71^1^ + tt^^i = q} (5.36) 
u|(e,^^''^2) G A2r(;,^)3 / - vr^^' = o} 



6 Conclusion 

Summary In this note we have describe the general method developed by F. Helein and J. 
Kouneiher in the series of papers [20j [21] [22] |23] |24] |25] [26]. The main focus is on the 
determination of algebraic observable, dynamical observables and their related observable func- 
tional. We have also detailed some calculation on the (algebraic) copolarization process for 



meEn7^n7^-nr 

needs and the mathematical construction of copolarization is that we cannot include g^i 
0o<^<3 AA^ in piT^^fM-wcii -^^ (algebraic) observable 1-forms. 

Perspective. There is obviously two directions for further studies. The first is the issue of 
quantization whereas the second is a more detailed treatment of higher Lepagean equivalent 
theories. 
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